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We prove an epsilon-regularity theorem for critical and super-critical systems with a non-local anti- 
symmetric operator on the right-hand side. 

These systems contain as special cases, Euler-Lagrange equations of conformally invariant variational 
functionals as Riviere treated them, and also Euler-Lagrange equations of fractional harmonic maps 
introduced by Da Lio-Riviere. 

In particular, the arguments presented here give new and uniform proofs of the regularity results by 
Riviere, Riviere-Struwe, Da-Lio-Riviere, and also the integrability results by Sharp- Topping and Sharp, 
not discriminating between the classical local, and the non-local situations. 
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1. Introduction 

In recent years there has been quite some research on the effect of antisymmetric potentials in the regularity 
theory of critical and super-critical elliptic partial differential equations. This was initiated by Riviere who in his 
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celebrated [Riv07] proved that solutions u e W^'^{D,R^) to the equation 

Au = n-Wu iuDcR^ (1.1) 

which is a contracted notation of 

N 

Au' = '^n,k- Vu'' 1 < i < iV, in £) C M2, 



fe=i 

-•2/rt Tn>2\ 



are Holder continuous, under the condition that flij € L {DjR ) and the at first sight seemingly non-descript 
condition 

n,k^-nk^, i<i,k<N. (1.2) 

As Riviere showed, (1.1) with (1.2) is essentially the general form of Euler-Lagrange equations of conformally 
invariant variational functionals which allow the characterization of Griiter [Grii84], take for example a manifold 
M C and the Dirichlet energy 

iVul^ M : £> C ^ A/" C R^. 



We refer the interested reader to the introduction of [Riv07] for more details. In [RS08] this was generalized to an 
epsilon-regularity theorem for D C R™, m > 3. 

If the antisymmetry-condition (1.2) is violated, solutions to (1.1) might exhibit singularities such as Frehse's [Frc73] 
counter-example loglog jij. In fact, the antisymmetry is shown to be closely related to the appearance of Hardy 
spaces, and also to Helein's [Hcl91] moving frame technique, cf. [SchlOa]. 

Motivated by this. Da Lio and Riviere [DLRlla] (for m = 1) showed that this regularizing effect of antisymmetry 
exists and appears also in the setting of m/2-harmonic maps, critical points of the energy 



u : R" ^7V C R^. 
which satisfy (roughly) an Euler-Lagrange equation of the form 

N 

A'^u' = ^n,k \V\'^u'' 1 < i < iV, in D C R". (1.3) 



k=l 



Here, flij G L^(R'") satisfies again (1.2), and |V|" — (— A)t is the elliptic differential operator of differential order 
a with the symbol |^|", for the precise definition we refer to Section A . 

As well in the classical situation [Riv07], as also in the case of fractional harmonic maps, the argument relies on 
transforming the equation with an orthogonal matrix P (in a similar way as Helein's moving frame technique, 
cf. [SchlOa]). That is, one computes the respective equation PVu instead of Vu, or PA^u instead of A^u and 
obtains a transformed fip, which for the right choice of P exhibits better properties than the original fi: In the 
classical case, div(r2p) = 0, while in the fractional case, fip G L^'^ (where L^-^ C is the Lorentz space dual to 
the weak L^, denoted by L^'°°). Note that while a condition like div(/) = is destroyed under a distortion like 
/ :— fg, even for g G L°°, the condition / e L^'^ is also valid for / = fg, if i? € L°°. 

Thus, the techniques developed in the fractional setting [DLRlla, DLRllb, Schll, DLIO, Schl2], seem somewhat 
more dynamic and stable under certain distortions. For example, in [DLS12a, DLS12b] Da Lio and the author 
were able to extend some of the results to the degenerate situation of the energy 



the Euler-Lagrange equation of which have the form 

N 



|V|"(||V|"M|^~'|Vr") = ||V|"u|^"'^rj,fc |V|"ii*'- l<i<N,mDc 



k=l 



The aim of the present work is to shed more light on the connection between the two systems (1.3) and (1.1) in the 
critical and supercritical case, and we are going to extend the techniques developed in [DLRlla, DLRllb, Schll, 
Schl2] to give a uniform argument for e-regularity for quite general systems which in particular include as special 
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cases both (1.3) and (1.1). 

Setting w := {-A)^u = \\/\\ G L^{W'), (1.1) reads as 

2 N 

^^^'-T.T.^iM^']' (1-4) 

7=1 fc=l 

where TZ^ = djA~i denotes the Riesz transform. Thus, (1.1) is of the form (1.3), but ft is not a pointwise matrix 
anymore, but a non-local, linear operator mapping L^(R'") into L^(R™). This was our main motivation, to study 
the regularity, and, in the super-critical regime, £-regularity of solutions w S L^(R™) of 



w, |Vr</J = - y n,k[wk]ip for all >p G C^iD), (1.5) 
where ^lik is a linear mapping which maps L^(R™) into i^(R™). We will restrict ourselves to ft of the form 

rn 

where Alj ~ ~Alj e L^(M™), i,j e 1, . . . , m, 7^i[] is the l-th Riesz transform for / — 1, . . . , m and 7^o[] is the 
identity on R™. The arguments presented here hold also for more general potentials ft : ^ L^, under suitable 
conditions on quasi- locality and its commutators. But as (1.6) contains already the most interesting examples (see 
below), we shall restrict our attention to this setting for the sake of overview. 
Our main result is then the following e-regularity: 

Theorem 1.1. Let /i < niinjl, ^1 or ji = '-j . Let D CC R'", p G (l,cx)), then there exists 9 > such that the 
following holds: Let w G L2(R™) n L'^'^^"^ {D) , that is, 

lkll2M™+ sup p^^||u;||2 „ < oo, (1.7) 

B„CD " 



be a solution to (1-5), where ft is of the form (1.6). If ft satisfi 



es moreover 



2m- 



sup p—\\A'\\^,<e, (1.8) 

Bp(x),xeD 



then w G L^^^{D) 



Let us remark the following corollaries from Theorem 1.1. 

As mentioned above, by the representation (1.4) this gives a new proof of Riviere's theorem [Riv07], and also the 
e-regularity theorem of [RS08]. 

Moreover, from Theorem 1.1 a new proof of Sharp and Topping's integrability theorem [STll] for (1.1) follows, and 
also an extension to the super-critical setting. The latter has been done independently, and by different methods 
by Sharp [Shal2]. 

Also, we extend these integrability results to the non-local case for < 1. For /i > 1 it seems already in the 
classical setting of the biharmonic maps, cf. [Str08], that for e-regularity we need more information on the growth 
of ft in terms of the solution, a fact which appeared also in our setting and forced us to restrict fi = ^ if > 1. 

Another corollary worth mentioning is that the arguments presented here also enable us to treat e-regularity critical 
points of more general non-local energies, e.g., 

E{u) = j\V"u\^ u:R'"^7VcM^, (1.9) 

where for TZ = [TZi, . . . , TZm]'^ , and TZi being the i-th Riesz transform, 

V"u:=7^[|V|"M]. 

Another remark regards the smallness condition of (1.8). In the critical setting 2/i = to, it is easy to verify, that 
this condition holds, if D is chosen appropriately small. In the super-critical regime 2/i < m, this condition would 
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follow from some kind of monotonicity formula for stationary points of energies of the form (1.9), which for the 
non-classical settings are unknown so far. 



Let us now sketch the arguments we are going to need. Firstly, somewhat motivated by the arguments in [RS08], 
we are going estimate the growth of the norm possibly far below the natural exponent 2. More precisely we 
estimate the growth in R of 

sup r^T^ \\w\\ R , (1.10) 

B^CBr ' 

starting with k = fi^ where 

m(2fi — k) 



m ~ K 

m 
m — K 



The main work is to show that for any k G [/^, 2/i) there is a good growth of these quantities, then starting for 
kq = fj,, we can find a sequence of Ki which converges to 2/^, such that each growth of the Ki-norm (that is (1.10) 
with Ki) is controlled by the Ki_i-norm. Finally, for k sufficiently close to 2/i, we show that we can actually have 
an estimate for p > 2. From this we have 

Theorem 1.2. There is 02 > such that if 9 < 62, there exists p > 2, X < 2fi, such that 

For Theorem 1.2, the antisymmetry of will be crucial. Once Theorem 1.2 is established, the system (1.5) becomes 
subcritical, and we can drop the antisymmetry condition and just by the growth of the PDF, we have 

Theorem 1.3. Assume w as in Theorem 1.1, where we do not require the antisymmetry offl. Assume moreover, 
that w G L^^^{D) for pi > 2. Then for any p > 2, there is 9p > such that if 6 < 0p in (1.8), also 

The main difficulty is thus Theorem 1.2 and the estimates of the Morrey norm. For the proof of this theorem 
we need the following two main technical ingredients: Firstly, we need to extend the known commutator results 
[DLRllb, DLRlla], and also the pointwise estimates [Schll, Schl2]. We introduce the following commutators: 
Let X be a linear space. For Lp £ Co°°(R'"), T : LP(R'") ^ i«(R™), I <p,q < 00. We then set for / e LP(R") 
the commutator C{(p,T)[f] 

C{ip,T)[f]:=^T[f]-T[^f]. (1.11) 

This commutator was estimated in terms of Hardy spaces for T = TZ the Riesz transform or T = Is the Riesz 
potential in [CRW76, Cha82], nevertheless we need more precise estimates and generalizations. The next bilinear 
commutator was introduced in [DLRllb], in [Schll] pointwise estimates were given. 

Hs{a, b) -.^ M'{ah) - a|V|'6 - 6|V|'a. (1.12) 

For these commutators we show the following 

Theorem 1.4. For any ^ e (0,1], we have the following Hardy-space % estimate (for 7?.[] any zero -multiplier 
operator, we need it for the Riesz-transform, only) 

m^{n[h]i,b-n[hiMu<M2 Ph 

Moreover, we have 

||C(/,7e)[|V|'^^]ll2<|||V|^/||2 Memo. 
and its pointwise counter-part: For any Si £ (0, 1) and any "fi G (0, Si), i — 1,2, 



\C{a,n)[b]\ < Cn,Si.-n Isi--/i \yf'a I^^\b\-^C'n,52,72 I'r2[l52-i2\b\ 

Finally we have 

\\H^i^,9)\\2^\\M'^9\\2 Mbmo. 



VI ^2 
a 
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and 

ll|Vri?^(a,6)||„<|||Vra||2 |||Vr6||2 /orMe(0,l], (1.13) 

as well as its pointwise counterpart: for any fi £ [0, m] there is L N such that for any (3 G [0, inin(/i, 1)), 
^ G [0, m), T G (max{/3, /i + /3 — 1}, /i] t/iere are, Sk G [0, /i), t^ G [0, r), where t — P — Sk — t^ > 0, suc/i t/iat the 
following holds 

L 



\VfH,{aM\<Y.^r-p-s,-tAlsA\Vra\ iaV\^h\). 



k=l 



Remark 1.5. For /i < 1 the Hardy-space estimates above follow essentially from an obvious adaption of Da Lio 
and Riviere's argument [DLRllb], and (1-13) has been proven by them. For fi > I, already from the pointwise 
arguments in [Schll] there is no hope for similar results. The interesting and new case fi — 1, for which even 
(1.13) was unclear up to now, needs a more careful adaption of the arguments in [DLRllb]. 

Equipped with a good understanding of these commutator we wiU show 

Theorem 1.6. There is a uniform A > such that the following holds: Let f2 be as in (1.6), and assume that 
riy [] = For any Br C M™, we can then choose P : M™ SO{N), supp(P - I) d Br. Then for any 

^ G C^{Br), 



^^^[IVIV] < C r^-^ \\A\\^ MsMO + ll^ll' 



\BMO 



i/^e (0,1], 



V|Vll(2,oo) »/M>1, 



where 

■■= (ivrp.fe) pi f+p^MPi^f], 



In [SchlOa] the construction of P is done via minimization of E{P) = ||PVP"^ + Pf2P||^2 under the condition 
that P maps into SO{N), a.e.. This is the argument that Helein [Hel91] essentially used for his moving-frame 
technique, and it provides an alternative to Riviere's adaption of Uhlenbecks [Uhl82] gauge-theoretic construction 
of P in [Riv07]. Both techniques can be extended to the fractional case, where is still a pointwise multiplication 
[DLRlla, Schll]. We adapt the arguments [Schll, SchlOa] to this case of a non-local operator by minimizing 
in Section 1.6 the energy 



E{P) sup /O^M, 



K'" 

and showing that several terms of the Euler-Lagrange equations fall under the realm of Theorem 1.4. 

Notation Let L^'* be the Lorcntz spaces, cf., e.g. [Hun66, Tar07, Gra08], whose norm we denote with 

We set ^_ 

\\f\\ip.q)x =\\f\\M{{p.q).\) ■■= sup r^||/||(p^,)^B,, (1.14) 

and for A C M™, 

[f](p.,U.A ■■= lAl"^ (1-15) 

\\f\\ip^q)x.A — sup [f](p,g),B,- (1.16) 
BpCA 

We say that / belongs to the Morrey space L^P''i'>^ (A), if the respective norm ^-j^ ^ is finite. 

We will also use frequently the following annuli 

In Section A we recall several facts on the fractional laplacian, which we are going to use throughout this work. 

Acknowledgements. The author has received funding from the European Research Council under the European 
Union's Seventh Framework Programme (FP7/2007-2013) / ERC grant agreement no 267087, DAAD PostDoc 
Program (D/10/50763) and the Forschungsinstitut fiir Mathematik, ETH Ziirich. He would like to thank Tristan 
Riviere and the ETH for their hospitality. 
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2. L^+^-integrability: Proof of Theorem 1.2 

It is helpful, to check once and for all, 



where 



TTl — A 

m-2fi = -, KG[/i,2/x), (2.1) 

Pk 

X. := H^^^t^, (2.2) 
m — K 

P. ■■= (2.3) 

m — K 

Assume w : R™ ^ M^, fi< f,w e ^^(R™)^ |v|^w £ i^^M™) is for D CC M™ a solution to (1.5). We are going 
to establish that for any k e [fi, 2/i), if = 0^ in (1-8) is suitably small, for any D CC D, we have 

sup Mp^,BAxo) ^ ^D,w,.- (2-4) 

Note that possibly < 2 for all k G [/i, 2/i). In order to show (2.4), we first note that its satisfied by assumption 
(1.7) for K = /i. In fact, if xq £ I? CC D, then for any r > 0, or Br{xo) C D or r > cdist{D,dD). Now, we 
show that for arbitrary k C [/i, 2/i), there is ki > k, so that (2.4) holds. Moreover, we will show a lower bound on 
Ki — K, in order to ensure that we come arbitrarily close to 2/i if we repeat this construction finitely many times. 
Then we can show that if we choose k C [/i, 2/i) close enough to 2/i, (2.4) suffices to conclude the better integrability 
of Theorem 1.2. 



Establishing (2.4) 

For mappings P : K™ SO{N), P = / on W^\D (denoting with / = (5^)^ C 7?ArxAr ^j^^ 
(1.5) we have 

J P^kWk |V|^(^ = j Wk |Vr(P,fc</j) ~ j Wk (|V|^P,fc) ^- j Wk i/p(P»fc,(^) 



Setting Vi := PikWk, this is 

j V, \V\''ip ^ ^ J iP,Ai[Pjiv,] + i\\7\''P,k)PjkVj) if ~ J Wk H^{{P-I\k,ip) (2.5) 



The Growth Estimates. From (2.5), Lemma 2.2, and Lemma 2.3 we infer 

Theorem 2.1 (Right-hand side estimates). // /i C (0,min{l, ^1] or 2/i = m, there is a uniform A = > 0, 
depending only on fi, such that the following holds: Let Br C K™, and assume (2.5) holds for all ip C C^{Br). 
Then exists a choice of P such that (2.5) implies for any (p G C^{B/^-ij,), and for any t G (0,/x] sufficiently close 
to, or greater than 2/i — k, 

oo 

+a |||V|>||(_^,2) ^2^-('=-3M) 

where we recall that the right-hand side norms were defined in (1.15), (1.16), is as in (1.17), and as in 
(2.2), as in (2.3). 
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From Theorem 2.1 and Lemma C.l (applied to A^^r instead of r) we infer for any r G (0,/i] sufficiently close 
to fi and any A 3> sufficiently large (for the right-hand side norms recall (1-15) and (1.16)), also in view of 
Proposition A. 7, 



(A-V)2^-™ iiivr^'vii 



( „+ "■!^_^ .Oo),-Ba-2^ 



< A-1 9 \\w 



oo 

A-1 ^2'=(«-3'') N(p..oo).„,A^ 



fe=l 



+C (A-V)2^-" A''-'"+--^||z«||(p^_^)^^^_^^ 



+C (A-V)2A'-™ A--m+r-,.^2^('=-"+-. . ir«.||(,^,^),^._^^ 

fe=0 

(2.1) 

< aeA'"-^^ ll«^ll(...oo).,,B. 

oo 

+ C,0A^n-2, Y^2'^(.-3^.) 

OO 

fe=0 

OO 



fc=l 

For later reference, we write this as 



a) r...i 



OO 



(2.6) 

For T — fi^ 

lkll(p„,oo),B,_. < ^C,,, 9 A"^-'^ + C, A^-'n lkll(p.,oo). .B. 

(2.7) 

+ (C«,^ 9 A^-^A' + C^ A^-^A") ^2^-(«-2^) N(p..oo).,.A^ 

fc=i 

The Iteration Procedure. Note that \w\ = \v\, so we can use them equivalently. Equation (2.7) holds for any 
Br{xo), where xq G D and r < d{xo) '■= C dist(a::o, dD) (the constant essentially only depending on the construction 
of P and the set where is small) . For xq G D and R > set 

$.„(i?):= sup 

BpCBnixo) 

and its centered counter-part 

iTf /' D\ , „2ft-m||„,.l 

I (p„,oo),Bp(xo) 



vl/,„(i?):= sup « . < $,,(i?) 



then from (2.7) for any R, xq E D with i? < d(xo), we have 



$^,(A-ii?) < (C«, eA^-^A" + A'^-^Mj $:ro(^) + (C« 6IA™-2m + c A^^^m) ^ 2'^(«-2m) 5»^j2'=i?). 



fc=i 
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Note that from (2.4), we know that ^xo{R) < Co xo w for any xq G D. Now we can iterate, Lemma D.l, satisfymg 

the assumption (D.l) by choosing A = '■— 2 with sufficiently large and assuming that 9 < (A^)** ™. 

Then, for any r < R, 

sup M^^^^^y^^ = sup p^^-™ < C.,.,A,i^ where a« = 



We can assume, that cr^ < 2fi — k. Since 

(p„,oo),B,(a;o) 1 1 ™ 1 1 (p„ ,00) a„ ,-84. ' 



supr^'^-'^""™ „ <i?-'^'' Ikll 



P>R 

we arrive at 

SO we get for any Br{xo) C B]i{xo) 

Plugging this into (2.6), we have for all t G (0,/^] sufficiently close to, or greater than 2^ — k, 

oo 

^ fc=i 

so that we have for all small r. 

Moving the Bji{xQ), for any Di CC -D, we have that 

|||Vr^.||(_^,^)^,^^<C.^.,|v|,.D (2.9) 
for A such that (choosing r possibly even closer to /i, ensuring that |/i — t| < ^) 

A_ _ 3fl - T - K - (7k ^ Sfi - T - K - (2^2) ^ fi - T ~ a,^ 
m m + fi — T — K~ m — K m m — k 

Choosing the next k. Assume for a moment that 2/i < m. we can guarantee 

< A < A« (2.10) 

and we choose Ati.i G (k, 2/i) via 

2/i-Kl,l 

A =: TO . 

TO — Kl^l 

By (2.10), 

2/i — Ki 1 2/i — K 

TO ^ < TO C,„_2u CTk 

TO — m — K 

and thus we have 

(m — Ki i)(to — k) 

Kl.l > K + (TCm_2Ai '■ • 

TO 

On the other hand, by a localized version of Adams' [Ada75]-argument on Riesz potentials, we infer from (2.9) 
that for any D2 CC -Di, 

where 

1 m + fi — T — K ^J^ — T 
p m A 

Letting 

TO 

m - Ki 2 



e (0,1). 
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we can estimate 

Thus for a certain a > 0, 
and since 

for any D3 CC D, we arrive at 



K1.2 -K fl 1 \ 

m \\ m J 

Ki :— minKi^i, Ki^2 > + co(2^ - k)" , 



m 2fi — Ki 

p > , A < m . 

m — Ki m — K\ 



Varying this in CC D, we have (2.4) for ki . If 2^ = m, we use this same argument, to conclude that w G L^^D^) 
for some p > 2, which is aheady the claim of Theorem 1.2. 

Estimating the growth of k. Iterating this procedure (for smaller and smaller in (1.8)), we obtain Kk G [/i, 2/i), 
and 

Kfe+i > Kk + Co (2/^ - k)". 

Since the sequence {Kk)k is monotone and bounded, and the only fixed point is Kqo = 2/i, for any e > there is a 
step-count L such that \kl — 2/i| < e. This shows (2.4). 



Integrability slightly above 2 

By the arguments above, fixing D CC Z?, going back to (2.8), if 2/x — k < e small enough, for r G (e, /i], ignoring 

Br-CD 

If 2/i = m, choosing r = /x, we have 

00, 

m + /( — /i — K 

which proves Theorem 1.2, and in fact even Theorem 1.1. So let from now on 2/i < to, /i < 1. Then for Xs^e G (0, m), 
s := // - r, 

As,£ - TO 

;h = 2/i - TO 



As J = (3/i - T - k) ^ 

m + ij. — T — K 

and 

1 m + 11 — T — K fJ- ~ T m + II — T — K {p, — t) (to + /i — t — k) 



TO 



(3/t — r — k) to TO(3/i — t — k) 



n — T — K ,„ , (u — t) 



TO(3/i — T — k) 3ii — t — k 

we have by Adams' [Ada75], 

One checks that there is e > such that if |r — /i| < e, 2k — /t < e, then j5 > 2, A^.e < 2/i. 
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2.1. Estimates of the i^-term: Proof of Theorem 2.1 (I) 

This is to estimate for G C^iBr) the foUowing term 

Jw H^iP-I,^) = j Ipw\VfH^{P,p) (2.11) 

Lemma 2.2. Let /i G (0, ^^], /i < 1 or ^ — y- For any k G [/i, 2^), i/iere are Ck,^ > 0, t G (0, /it) such for any 
if G C^(-BA-ir) ^'ifi following holds: //supp(P — /) C B/^-i^, 

(A-Vf^-'-y ^ < a„, |||V|V||(_^,2) (A-V)^-^|||vrP||2 ll^ll(p.,oo),^.B. 

OO 

" ^ ^ fe=i 

where we recall the definition from (1.17), from (2.2), and from (2.3). As for the asymptotic behavior 
as K — > 2fi, one can choose r approaching max{/i — 1, 0}, and C^^f^ blows up. 

Proof of Lemma 2.2. For a somewhat clearer presentation, we are going to show the following claim for ip G 
C^{Br) and supp(P - /) C B,. 



j wH^{P-I,p) < C,,, |||V|>||(_^,2) r^- 

OO 



k=l 



Applied to f A ^r gives the original claim. 
As usual, we decompose 

/OO 
w H^{P-L,p)^L + Y,IIk, 
k=i 

where 

I -= I XB^^w H^{P~I,ip), 

and, denoting Ak ■= A\ ^, 

Ih ■■= J w H^{P-I,ip)xA,■ 
As^OT_JLk_, since supp ip U supp(P — /) C Pr 

H^{P - L, p)xA, = XA, I Vr ((P - I)p). 
By Lemma B.l we then have for any r G (0,/i], using also Lemma A. 5, 

< (2'^Ar)-"-" (2'=Ar)'' r^-'^+'' ll^ll(^,oo) 11^ - ^11 

< (2'^Ar)-"-" (2'^Ar)'' -'^+2''|||V|>||(_^^^) IllVr'PlI^ 
= (2'^A)-"+'^-^ |||V|>||( „ r^'-t IllvrPlI,. 

Consequently, 

\Ih\ < \\WXA^\(,^,^) (2'=A)-'"+''-'^ |||V|>||( r^-^ IllVrPi 



2 



(2.1) 
< 



(^l^,oo) ' - III ^ I ^ Il2 

m+K — /I 



(2'=Ar)'"-2^ [^XaJ(p.,oo).„ (2'=A)- " || |V|>||( . r'^"^ |||VrP 



< r™-2^ (2'=A)--3^ |||V|>||( r^-^ |||VrP||2 [^XaJ(p.,oo)., ■ 
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As for / , set w :— XB^rW and write 

j w H^iP,ip) = J Ipw \vfH^{P,^) 

Actually, the claim follows quite straight forward from (4.18) for ^ < 1, (3 := n, but the pointwise estimates on H, 
Lemma 4.1, are strong enough to deal with our situation, and they do not make use of para-products which were 
necessary for the proof of (4.18): By Lemma A. 6 

where for /3 < min(2/i — n, 1), 

1 ■m — K2u, — K — B 

— = ^ e (0,1). 

Pi m 2^ — K 

If ^ = set /? = 0, if < Y, let e > such that ^ + e < y. Now we estimate \\\7fH^{P,ip)\, applying 

Lemma 4.1 for any r g (max{/3,/i + /3 — 1},m], we have to control terms of the form (for s G (0,/i), t e (0,t), 

Ir-f!-.s-tiL\M''P\ /*||V|V|)- 

We have 

li/.l|vrF|||(,,,,)<|||vM!„ ^ = ^-^£(0,1), 
l|/d|V|>|||(,3,, < II|V|>|1(^,, 1 = - ^ e (0,1). 

Note that 

1 1 1 K + T— n — s — t 1 K + T — n + e — T + B 1 e + u 

0< — + — = - + < - + ^ ^ < - + ^ < 1, 

P2 P3 2 m 2 m 2 m 

consequently, 

\\Ir-,-s-t{Is\\^rP\ /d|V|Vl)ll(,„i) < IllVrPlI^ |||V|Vll(^,2): 

where 

1 1 1 T - B - S - t 1 K + B - 

- = - + = - + ^-^ e 0, 1 . 

Pi P2 Pa, m 2 m 

Now we have to ensure that the f{f3) < 1 for admissible /3 (and admissible r): 

/(/?) -- + --|-^-/3^F^>0- 
Pi Pi 2 ni m{2n — k) 

Obviously, /(O) = 1 holds, if /i = ^ (so /? = 0, and r arbitrarily between {p. — 1, fi]). As for the case jj, < ^ ^ jj. < 1, 
We have 2/i — k < 1 for k e [/i. 2/i), then 

/(2m-«) = ^ + -<1. 

so we can take /3 < 1 sufficiently close to 2/i — k, so that /(/?) < 1, and take t G (/3,/i) sufficiently close to or 
greater than 2/i — k. Consequently, 



1^1 



< 



^ li^^*llto.oo).i3.. ll|Vri?.(P,¥')ll(,„i) 

oo 

+ Ell^^*ll(P.oo),At ll|V|^i^.(P,^)ll(,„i),^j^ (2'=r)"-fr-fl 
fc=i 

5:(2'=r)^||/,^;||(^^^^)^^ |||V|%(P,^)||(^^^,)^^j^ (2M" 



< 



fc=i 

oo 

+ ^(2'=r)^||zi||(^^_^)^^_^.^ l||V|^i7,(P,^)||(^^_,),^.^ (2^)"----. 



fc=i 
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By Proposition 4.3, for the same r as above, 



Now we apply Proposition 4.4 (using that and P — I have support in i?r), and using 

m mm m 

m m — p -\ 



and 



Pi Pi Pi Pi 

-2fl. + K, 



m — Ak m m m 

+ m 1-7- — fj, — m — zfi 



Pi Pi Pi 2 



we conclude 

1^1 < ^"-'^ ll*ll(p.,co)., r^-^|||VrP||2 ll|V|^ 



+ T — M 

< C^r"^-'^ lkXB.J|(p„.oo),^ r''-t|||vrPl|2 |||V|>||^ 



□ 
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2.2. Better integrability for transformed potential: Proof of Theorem 2.1 (II) 

This section is devoted to the proof of the fohowing Lemma: 

Lemma 2.3. Let Br C M'", n as in (1.6), A > 2. There exists P : ^ SO{N), P = I on R'"\Ba-i^, with the 
estimate 

(A-V)^ |||VrP||2,R". <f?, (2.12) 

such that for any r g (0, /i] sufficiently close or greater than 2/i — k, k G [/i, 2/i), 9 > from (1.8) in D — Br, and 
for any ip G C^(Sa-i^), i/^i G (0,1], or n=f, 



(A-V)^'^-™y" ((|VrP)P^u; + Pr![P^«;]) ^ < 9 |||V|>||(_^ \\w 



+C.,^ |||V|>||( . ^(2'=A)«-3^ H 
where we recall the definition from (1.17), from (2.2), and p^^ from (2.3). 

As in the proof of Lemma 2.2, we prove the scaled claim for replacing r by Ar which makes the presentation of 
the proof somewhat lighter: We are going to show the existence of P such that for cp G C^{Br) 



^2,^rn I ((|VrP)P^^ + Pf7[P^H) V < C,,, |||V|>||(_^.i) ll^ll(p..oo), .B.. 



+C«,^ 9 |||V|V||( 2) E(2'A)^"'^ M(p.,oo), ,Ai,, 



k=l 

Fix Br C K'". In order to prove this claim, note that 

j {{\v\^p)p'^w + pn[p'^w]) J {{\\/f p)p'^w + PxbMp'^w]) 

so we are going to assume that the Ai in (1.6) 

supp^z C Br, n[] = xbM] (2-14) 
and consequently assuming (from (1.8)) that 

\\M2,M'^\\f\\2+ sup \\m\\i.B,<0\\f\\2 (2.15) 

pe(0,Ar) 

Let P : SO{N) be the minimizer, P = / on M'"\P^, of E{-) = Er,x,A^,i,2{-), where A^ is from Lemma 5.5. 

Using (5.7), (2.14), we have the estimates (for from now on fixed A > 2), 

r"-^ \\\VrP\\2.m-<0, (2.16) 
which after rescaling amounts to (2.12), and with the help of (2.15), 

\\{\\/rP)P^f + Pn[P^f]\\^^^^^<9\\fh,Rr.. (2.17) 

Let 

OO OO 

W = WXBKr- + X! ^^Al^ -■ Wo + ^Wk- 
k=l k=l 

Then, 

j {{\y\''p)p^w + pn[p^w]) p 
= j {M'P)P^wop + pn[p^wop\ - j PC{p,n)[p'^wo] + Y^ j pn[p'^ 



Wk\ p 



k=l • 



=: I -11 + III. 
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The disjoint support part (III) 

Since n < k < 2/l(, 

(1.6) 

II All ii,„ii ii-Tpro'^ „„. II, 

P.B.I 

< Ulks. ll|V|>|| ™ (2''-Ar)-"+- 

(2.1) 

< r^^'^ U\\2B. II|V|>|| „ (2'=A)-™+'^ (2^-Ar)™-> H(p..oo), 

(2.1.5) 
< 



y pf7[p^^,] ^ < pii^^^^ ii^ii^ ||7^[P^^«fe]||, 



(2'cA)K-2^ ll|V|>||_^ M(p..oo),„,Ai,^- 

The same-support/commutator part (II) 

We have 

(2.15) 

\II\<\\A\\^\\C{^^n)[P^w,]\\^^^^ < 9\\C{^,TZ)[P^wo]\\,,^^. 
Now we apply Lemma 4.7, and have for arbitrary S E (0, 1), 71,2 G (0, S), 

\Ciip,n)[P^wo]\ < Is-^AM'^\ I^Awol + Cn,s.-f2 ^72(l|V|Vl /5-72ko| 
Now, if we choose S < t 

l|/^.-7J|V|'VIII(^z^ < ll|V|>||(^,,), 

and ioi (3 < 2fi — K, using [Ada75], see Lemma A. 6, 



where 



Now, 



m 2^ — K ' 

1 71 + K ~ /Z 

P-yj TO 

^ ii + (.n-2M) ^'^:"^"7^ (2-18) 

TO to(2/1 — KJ 

1 

^ 2' 

if we choose 71 S (0, 2/i — k) as follows: If /i = ^ can choose 7 arbitrarily. If < ^ and < 1, then we pick 
71 sufficiently close to 2/i — k < 1. That is, for any r < /i sufficiently close or greater than 2fj, — k such that there 
is a 71 < (5 < r, (5 < 2/i — K, satisfying the above equation, we have 

||/,_^J|V|^VI I,Awo\h,B.<r^~^'^'''^''~'^ |||V|V||(_^,2) W^oW^^^,^^,^, 

and 

mm m — m to 

— (71 + K - /i) H = — - (71 + K - /i) - (2/i - K - 71) = — - /i. 

2 p^, 2 2 

As for the second term, for (5 — 72 < 2/i — k, using the formula (2.18) with S instead of 71, 

1 S + K — n 1 
— := - + 

S + K — 11 1 m — K 1 m — K 

= + — +I2—77: z<t;+12—77: r < 1, 

TO PS m[Zfi — K) 2 m[2fi — k) 

if we choose 71 < (5 (as above 71) close enough 2/i — k, and 72 very small. Consequently, if we set 

^ ■= Ak, 
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and A e (0,m) such that ^ = that is 



X \ — m m Xf; — m m 

— = \ = — \-d + K- fl+ 

P2 PS— ,2 P2 PS-^2 PS—I 

m-^ 2^^-n-iS^J,) ^ ^ ^ ^ _ ^ (2.19) 
m 2/i — K 



= + 72 

then 



Now observe 



72ko|||(p,,2)3^ 




sup p" 

Bp 






< 


ll|V|>||(^^™_^,2) SUppV||/,^_^Jy;o|||^^^^_^^^^^_^^ 






iiivr 






< 


iiivr 


'^ll(.+"_,,2) ll«^0||(p„,oo),^- 




(2.19) 1 








2 


P2(A* + 72) 


M pa 


+ K 




m - K 2^ - K - ((^2 - 72) \ 


M + 72 V 


m 




m 2fi — K J 



2 A* + 72 \ m{2^ — k) m m 2fi — k 



for sufRciently small 72 and S2 sufficiently close to 2/i — k. In fact, this holds obviously, if ^ < |- If m ^ I' 
have 

M ///2^ - - J J m-2^ + ii + ~ ^ 72 \ ^ M A ^ 72 A ^ 1 
+ 72 V m{2fi ~ k) m m 2/i — k/ /i + 72\2 2/iy 2 

Moreover, one checks 

TO fi m fi m — X m ji X (2.19) m 



Thus, 



2 M + 72 P2 Ai + 72 P2 2 A^ + 72 P2 2 



ll^72(|V| > /i^-^JtWoDIU R < ^ 11^2(1^1 V /52-72ko|)|Lp2Ui±T2i 



'72VI^I -"02 r2 I "'U ly ||2__B^ r-^ ' 11-^72111^1 02— 72 I '"U 17 II (-£2111+221 2)^ 

-72|l«0|||(p,,2)3; 



< r^-^ |||V|'V-^52-72l^«o| 



The same-support/commutator part (I) 

Here, we decompose 

wof = \VrivAriI^.iwo^))) + |Vr((l - 77A,)(/^(u.o(^))) =: |Vrgi + |V|'^g2 

and 

1 = 1 {\^fP)P^\^f9i + Pr![P^|V|^.gi] + j {\\/fP)P^\\/fg2 + Pn[P^ \\/ \^ 92] 
= ■■ h+h- 
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For Ii we use Theorem 1.6 in the form of Lemma 5.7, 



if M< 1, 
ll|Vr5i||(2,oo) ifM>l- 

Note that 

supp(.^ii;o) C Br, 

and moreover for = oo, for k > /i, and — I for k — ii, (for arbitrary r > 0) 

yn^olk^,^)^ ^ ll^ll(^,oo)lkXBJI(p„,co),^ < ll|V|>||(_^,,^)||«;||(p^,^)^^,5,,_. (2.20) 
Then, the claim for Ii foUows from 

Proposition 2.4. Let n <1, g :— ijArlnif), supp/ C Br, then for any k £ [^, 2/i), 

[5]bmo<(1 + A'^-™) 11/11(^,00)^- 
Proof. From [Ada75, Proposition 3.3.] 

[5]bmo< |||Vrg||(i)^. 

ivr5 = /+ivr((i-r;A.)w), 

we have, 

[5]bMO < 11/11(1)^ + |||Vr((l - VAr)I,f)\\il), < ll/ll(^,oo)^ + ll|Vr((l - W)/m/)II(^,oo)' 

and by Proposition B.3 

|||Vr((l-77A.)/^/)lU < sup (Ar)-'"+^-" 11/11, ||llVr-"((l-r?A.))|lU < (Arf — ||/||,. (2.21) 
Since supp f C Br, 

r"-"' ll/lli < 11/11(1),. <||/||(^,oo)^- (2.22) 



Moreover, as in (2.21), from Proposition B.3 and (2.20), 
implying 

I/2I < \\np\\,^, (Ar)^-^ ll|V|>||(_^,^^)|l«;I|(p^^^)^^^^^^ 

T ^-"-^ni|V|>||(^,^)|k||(,^,o.)^^^^^. 
This proves the claim (2.13) and thus Lemma 2.3 



□ 
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3. Higher Integrability: Proof of Theorem 1.3 

Let w e Lf;^^{D) n ^^(M™) be a solution to 

\V\^w^n[w] inDccM'". 

Choosing for any domain D CC D, we can choose a domain D2, D CC D2 CC D and a cutoff fimction 77^ <E 
C^(L»2), 7]£) = lm D. Then w^-~7]f)W £ LP'^(M") is a solution to 

|V|^W£, = n[wf)] + n[w - Wf)] + |V|^(w£, - w) in D, 

and in D, 

\\n[w - W^] + |Vr(u.^ - W')IL,D ^ C'D,D,D2,r,,||»||,- 

So Theorem 1.3 follows from the following argument. 

Lemma 3.1. Let p > 2, and < /i < ^7 ^ ^ 2/i, and let w G L^'^ be a solution to 

\\7\^w ^n[w]+ f mDccM™, (3.1) 

where f £ L°°{D). Then, for any p £ [p, 00) there exists e G (0, 1) such that if 6 from (1.8) satisfies 9 < e, then 

Proof. In order to keep the presentation short, we are going to assume that = VlTZW. Also note that if w G L'P''^ 
for some p > 2, than for some p G (2,p), w G L^^'^, for some A < A, so we can assume w.l.o.g. that A < 2/i. 
From (3.1) we have for any B,. C Bn C -D, 

{1 8) '"'^ 

< ^^ + ^^5]2-^■?||«;||^^^. + II/IL r™"^ 

fc=2 



< r"^ r"^ e\\w\\^^)^^s^+r-^ r'^BY,2 + II/IL ^""^ 

fe=2 

That is, for 



Aiv :=A-^ + 2Ai-^ G (A,2a.), (3.2) 
2+ p 2+p 



ll|vru;||(^)^^,^^ < e l|t^ll(,)„5, + ^E2"'^N(p).B,.,., + II/IL R'""^ 

^ k=2 

Consequently, by Proposition 3.2 (note that > 1), for p2 ~ 2p/{p+ 2) and pi > p (since Aa? < 2p,) defined by 

1 1 1 u , , 

- = - + o--r- 3-3 

Pi p 2 Xn 

00 

II^IU.B,„,, < (A-M"'^"'*'+"+-ll|Vru;||(_^),^,5^+A-^ ^2-^™r^-™ ||t.||,_^. 

00 

< (A-V)-^-^+-+^0 lkll(p),,B.. + (A-V)-^-^+-+^ 0Y^2-'^nw]^,,,.s^ 



2fc + 2r 

/s=2 



p + 2 



+ (A-V)- — -^-^-^ll/IL r 

00 

+ (A-M^"^ A-t^2-'^-t M(p).,s,.+i, 



fc=i 

A 7\r An 



< {A-^ry-^—^+'^+^e \\w\ 



+{K-\)-'^-'^^^+^ (0 + A-t) Y.'^-'hMi,).,B^.,.^ 



00 



'^M ft 



+(A-V)~~ 
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Consequently, 



< (A-V)^- — +''6* \\w 



(p)a,-B2,. 



fc=i 

Now 



p p 2 p 
which imphes finally, for any B2r C D, 

Ikll(p)..i3^_i„ ^ ^ ll^ll(p)..S.. 

oo 

fc=i 

+II/IL^'"'^- 

-4 — — 

Now we argue similar to the iteration in Section 2: Choose A\ :— , assume that 9 < A^'' , and choose 

Cp,/i so that (D.l) is satisfied. Then we can choose a new Ai = A — cA^ for which the above estimate holds and the 
right-hand side is finite. Repeating this argument (for smaller and smaller 9), we obtain a monotone decreasing 
sequence of A^+i ~ Xi — cXj > 0, which has as only fixed point 0. Thus, for any A > there exists 9 > such that 
for any D CC D, 

Note that for A — ^ 0, Xn — > s-iid thus pi in (3.3) tends to infinity. Thus, we have obtain for any p > 1 a 

Ap > such that pi = pi{Xp) > p, and if 9 is small enough, we have to iterate the above argument finitely many 
steps to obtain that w G Lf^^{D). □ 

Proposition 3.2. For any /, G (0,m) we have for pi G {l,oo), p2 G (1,(X)), A G (0,m) such that 



Pi P2 A ' 



the following estimate for any A > 2 



ll/IU,s,_,^^(A~M~-+'^+-|||Vr/||(,,),,s„+^2-^-™ A-^ r^- 

fc=i 

Proof. Let 1 < p4 < p'l, 

1 1 

— + — = 1. 

P3 Pi 
P3 P2 X 

There exists (p G 0^(3/^-1^), \\ip\\p, < 1, such that 



fc=l • 



fc=i ^ 

By Lemma B.3, 

|||Vr(77^./,^)|L <2-'='" A-^ r?r — 
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Since p4 < p[ , 

ll¥'lU,B.<(A-V)-"5r. 

And using Lemma A. 6 

\\iM^rf)\\,„B,_,„ < (A-v)^ii/^(,7.ivr/)ii(p3)^ < (A-v)^iiivr/ii(^^)^^5^ 

Consequently, we have shown the claim. 

□ 
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4. Commutators and fractional product rules: Proof of Theorem 1.4 



In this section we repeat and refine some commutator estimates and non-local expansion rules which were intro- 
duced in [Schll], motivated by the results in [DLRllb, Schl2]. The for us most important commutators are 

i/„(a, b) -.^ \V\"iab) - a|Vr6 - -b\V\''a, 

and for a linear operator T 

C{a,T)[b] :^ aT[b]-T[ab]. 

The commutator Ha{a,b) was introduced by Da Lio and Riviere in [DLRllb], where Hardy-space TL and BMO- 
estimates where shown, making use of the Hardy-Littlewood decomposition and paraproducts. This is also some- 
what related to the techniques of the Tl-Theorem cf. [KP88]. If one is interested in L^-estimates only (e.g., in 
the sphere case) then there is an extremely elementary argument [Sclil2] somewhat inspired by Tartar's proof of 
Wente's inequality [Tar85]. For general Lorentz space estimates there is also an argument using potential argu- 
ments, which even gives pointwise estimates, and was introduced in [Schll]. As it is a direct, pointwise argument 
not involving the Fourier transform, it is easier to apply in non-linear situations, cf. [BRS12]. 
The commutator C(a,T)[&] and its Hardy-BMO estimates were introduced in [CRW76] for the Riesz transform TZ, 
and later generalized to the Riesz potential in [Cha82]. Again for pointwise estimates the arguments in [Schl2] 
can be adapted. 

Here, we are going to treat in Subsection 4.1 pointwise estimates on Ha{a,b)^ and in Subsection 4.2 pointwise 
estimates on C{a,T)[b] using and extending the techniques from [Schl2]. For Hardy-BMO estimates, we will use 
in Subsection 4.3 the techniques in [DLRllb], and extend them to the limiting case a ^ I. 
Let us shortly recall the notion for Hardy space H and BMO. The latter space BM O is defined as 



geBMO -.^ [g]BMO ■■= \Br\ ' f g~\Br\' f 

J Br. J Br 



< oo. 



Our interest in BMO stems from the fact, that it is a bigger space than L°°, and we have the nice embedding 

[5]sMO < sup r" III V|^<7||,p,^,s^ for r > 0, p > 1, (4.1) 

wheras for L°° we only have the following embedding which is more difficult to control 

ll.9lL;$ll|Vr3ll(:^,i) forre(0,m). (4.2) 

The Hardy space T-t, on the other hand, is a slightly smaller space than L^, with the (for us) most important 
property that 

' f 9<\\f\\ni9]BMO. (4.3) 

That is, if we know that a quantity belongs to the Hardy space, it allows us to control the integral of (4.3) in 
terms of the right-hand side of (4.1), instead of having to deal with the terms on the right-hand side of (4.2). 
The norm of the Hardy space H is usually defined via 

WfW-H — I|sup0t */||i, 
t>0 

where (j) G C^{Bi), J (j) — 1, and (f>tix) :— i"™0(a;/i), cf. [Ste93, FS72], another very readable overview in the 
context with Partial Differential Equations is given in [Scm94]. We are never using the above definition, though, 
but rather use a characterization in terms of Triebel-spaces, and employ the duality (4.3). 

4.1. Pointwise fractional product rules via potentials 

Lemma 4.1. For any a G (0,to) there is L N such that the following holds: For any (3 G [0, min(a, 1)), 
/3 < m — a, T G (max{/3, a + {3 — l},a], e > 0, there are, Sk S (0, a), tk € (0, r), where t — (3 — Sk — t}~ S [0, t), 
such that the following holds 

L 

\vfH^{a,b)\<Y.Ir-p-s.-tM\yra\ /,J|Vr6|). 

k=l 
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Proof. Notice that is suffices to prove the for r < a, given that 

iivr^i = i/„_,ivrfei </„_,iivr6|. (4.4) 

\VfH^{a,b) = |V|^(|Vr(a6) -a|Vr6-6|Vra) 

= |Vr+''(a6)-a |Vr+''6-6 |Vr+^a 

+a\vf\V\%~\yf{a\V\%) 

+5|V|^|V|"a- |V|^(6|V|"a) 

= H^+^{a, b) + C{a, |V|^)[|Vr6] + C{b, |V|^)[|Vra] 
The claim for the term Ha+p^a, b) then comes from Lemma 4.2. 

For the remaining terms, we apply Lemma 4.5: For C(a, |V|'^)[|V|"6], we take 5=a — t, T=a, /3=/3 and set 
A := |V|"a, B := \V\^b. Then 

C{a, |V|'')[|Vr6] = C{I^A, \vf)[\Vr^B]. 
For C{b, |V|'^)[|V|"a], set for very small 6 < min{r - (3,1- P}, A := |V|""*a, B := \V\"'b. Then 



C{b, \vf)[\\7\''a] = CilrB, |V|'^)[|V|*A]. 



□ 



Lemma 4.2. Let a € (0, to), e > and assume that ti, T2(max{a — 1, 0}, a], ti + T2 > a. Then for some L G N, 
there are Sk G (0,ti), tk € (0,T2), ti + T2 — Sk — tk — a Si [0, e) smc/i </iai 



\H„{a,b)\<J2lr^+r, — Sk—tk — a 

(/,J|Vra|/,,||Vr6|). 



(4.5) 



fe=i 



For the convenience of the reader, we give the proof, which essentially follows the argument in [Schll]; For a 
presentation closer to this one see [DLS12a]. 



Proof. For a G 2N it is easy to obtain (4.5), since for any I < 2K — 1, for t > 2K — 1, 

iv'/i = |v'/,ivr/i</r.-Hivr/i- 



(4.6) 



So we can assume that a = 2K + s, for some s E (0, 2), K G NU{0}. Assume at first that K = 0. Set A := ||V|^^a| 
B := ||Vr"5|, we have 

\Ha{a,b)\ < lim / / / k{x,y, zi, Z2) A{zi) B{z2) dz2 dzi dy, 



where 

and for s > 0, 

Let moreover 
where 



k{x,y,zi,Z2) = 



mriix,y,zi) mr^{x,y,Z2) 



I irn+a 

F - V\ 

-m+s I 1— m+s 



ms{x,y,z) = 

1 < Xi{x,y,z) + X2{x,y,z) +X3{x,y,z) for x,y,z e 

Xl '■= X\x~y\<2\z~y\ X\x-y\<2\x-z\, 
X2 • X\x~y\<2\z~y\ X\x~y\>2\x~z\^ 
X3 '■— X\x-y\>2\z-y\ X\x-y\<2\x-z\- 
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One then checks, using for ms{x, y, z)xi a one-step Taylor expansion, for any S G (0, min(s, 1)) 

'msix,y,z)xi <\x- z\~"~^°'~^\x - yf xi ~ 1^ - y\~"^"~^\x - yf Xi- 

msix, y, z)x2 <\x~ z\^"'^°'x2 <\x- z\^'"'^°'^^ \x - 
rrisix, y, z)x3 <\z- yf^'^^Xa < N - ^1""+""* \x - yf. 
Hence, for 5i G (0, min(ri, 1)), S2 G (0, min(r2, 1)) 

k{x,y,z,,z,) < \x-yr^^--+'^+'^ ( \x-z,r'+^^-'^ |y _ 

+ \y - z,\-"^+^^-'^ \y - Z2\-"'+^'-'' 

+ \x-y\ \X-Zi\ \X~Z2\ X\x-y\>2nie.yi{\x-zt\,\x-Z2\} )■ 

We choose 5i G (0, min(ri, 1)), 82 G (0, min(r2, 1)) such that 5i+52 — ct G (0, e). This is possible, since T1+T2 > a: 
If a G (0, 1], so are ti, r2, and we can choose di, 62 arbitrarily close to ti, r2, so that this inequality is satisfied. If 
a G [1,2) and (say) ti > 1, choose 61 close enough to 1, and 62 & {a — 1,T2). Using that 

\x - y\'"''"x\x~y\>2ma.^{\x~zi\.\x-Z2\}dy < max{|a; - Zil, \x - Z2|}^" <\x- Zi\~^' \x - Z2\~°'^^\ 

l\x~-y\>E 

and consequently, 

Ha{a,h) < la-S^A {Is^+S2-alT2-S2B) 

+ {ISi+S2-aIa~SiA) Ir2-S2B 
+ISi+S2-a{Ia~5iA /t-^-^^-^) 
+-^ct-(5ij4 Ir2+Si—aB 
~ la-Si^ l5i-a+T2-B 
+Is l+(52 — ct 
+IS2A 1^-2-62^- 

This shows (4.5) for a G (0, 2). 

If if > 1, s G (0, 2), a = 2if + s > 2 

H2K+sia,b) = A^|V|'(a6) - a A^|V|^&- 6 A^lVj^'a 

= |Vr(A^(afe)-aA^6~feA^a) (4.7) 

+ |V|"(feA^a)-6 A^|V|"a (4.8) 

+ |V|''(aA^6)-a A^|V|'6. (4.9) 

Let V', V^^~', I G 1, • . • , 2K — 1, be arbitrary combinations of gradients which sum up to differential order of / 
and 2K — I, respectively. Then 

|Vr(V'a V2^-'6) = i7,(V'a,v2^-'5) + |Vrv'a V2^'-'6 + V'a |Vrv2^-'6. 
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Recall a = 2K + s. Applying (4.5) to Hs{-, noting that a-s-l = 2K-l>Q and T2 - s - 2K + I > I - I >Q 



L 



k=l 

+ ||V|"V'a| |V2^"'6| + |V'a| 1 1 V]"* V^^^'&j 

(4.6) 

(^Sfc+Ti-s-illV^'al /(j^-Q+i+ra l|Vf^6|) 

fe=l 

Thus, we can estimate (4.7) 
|Vr(A^(a6)-aA^5-6A^a) < ^ J] /_,_,,(/,,+.,_,_, | |Vr^a| |Vr^6|) 

2K-1 

+ J2 Ir,-s-l\\Vra\ Ir,-2K+l\\^rb\+ ^ 1 1 V a| 1 1 V 6| . 

As for (4.8), 

|V|''(6A-^a) - b A^|V|'a = i/s(A^a, 6) + A^a 

We have ti, T2 > a — 1 = 2ii' + s — 1, and consequently {K > 1) we know T2 > s. Assume that moreover ri > 2K, 
then 

|V|'^'a| < /.,_2K||Vr^a|, llVr^l < /.,-.||Vr^6|, 

and applying our estimates on Hs{-, •) for ti = ri — 2K > s — 1 (since ti > a — 1) and f 2 = s we have the claim. 
If this is not the case and ri < 2K, then s < 1. Then we need to apply Lemma 4.5: 

IVr(feA^a) - b A^IVra = |Vr(6|V|%_2K+5|Vr^a) - b \V\'\vf Ir,-2K+s\yr a 

= c(/.,i?,ivr)[|vi'A], 

for B :— |V|''^6, A :— Iri-2K+s\^r^ a, for some S G (max{2iir — T2,0}, 1 — s). Then Lemma 4.5 is applicable, and 
we have the claim. 

We apply the same argument for (4.9). This concludes the proof of Lemma 4.2. □ 
Proposition 4.3. Let f,g £ S{M."^), Then 

ll|V|^i?^(/,g)||(^„,i),R„ < |||V17II^,2 ll|vr<?ll2, 
where r is chosen as in Lemma 4-1 

11 K + /3 - 
Po 2 m 

Proposition 4.4. Let f,g£ 5(M™), supp/ C Br- Then for any k>2, 

ll|V|''i?^(/,5)ll(p„.i),Aj ^2'=(-^+'^-^) ||1V|7II^ ll|Vrff||2, 

where 

1 1 K + 13 - 
Po 2 m 



23 



Proof. Pick ^ e Co°°(A^), II^IL, . < 1, such that 



mfH,igJ)\\ 



(Po'°o) 
(Po,l),At 



< iiivr+^viL,B„ 115/111 + ii/iyiivi^^iL iiivr^iis + iiivr'^(givi'^)ii - , iiivr/ii( 



C — ,00) 



+iiivi^viL,B. iiivrgii2iiivr/ii(^)r^-'^+^ 
+iiivr-(givi^v.)ii iiivr/ii(^) 

Lemma B.l gives that 

lllVr+^V-lL.B. < ^-^+^ ll^llp, < (2^)--2^'-^, 

Next, according to Lemma B.3 

iiivr-(givi^^)ii ^ 



< sup (2V)-™-^-"r"||^||i |||Vr-"g|| 

< sup (2V)-™-^""r"(2'r)'?+''+^-^||V'|L, ^ II |V|^g||2r-'^+^+^ 

QG[0,/i-r] 

= 2'(-^+'^-^)|||Vr5||2. 



□ 



4.2. Pointwise commutator estimates via potentials 

In this section, we discuss for commutators of which special cases have been appearing in [CRW76, Cha82]. There, 
usually estimates in the Hardy-space and BMO were proven. In contrast, we are going to prove pointwise estimates 
adapting our arguments from [Schll], which might be of independent interest. 

Lemma 4.5. Let (3 + S < niin(r, 1), S > 0, e > 0. There exists a finite number L, and Sk,Sk > 0, tk,tk G (0,t), 
Sk + ik = Sk + tk = T - 13 - S, Sk < e, 

C{IrA,\vf)[\vfB] 

L L 

<Y.IsM\ itJB\+Y,isdiiM\ 1^1) • (4-10) 

k=l k=l 

Proof. Since /3 < 1, 



IrA{x) \vf B{x) - IrA{y) \vfB{y) , 
^0 '^V 



\x - yl' 

IrAjx) \vfB{x)-IrA{y) \V\''B{y) 

*l 



dy 
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That is, 



C{IrA,\Vf)[\V\'B](x) 

{UA{x) - IrA{y)) M'Biy) 



dy 



{IrA{x)~UA{y)) {B{y + w)-B{y)) 



|uir"+V - y\ 



dw dy 



{IrAjx) ~~ IrAjy - w)) {IrAjx) - l,A{y)) ^ 

\x-y + wr^<' |a;-yr"+^ 



|m+/3 



B(y) A{z) 



dw 



\x — y + w\ 

So let us investigate the actual singularity of 

{\x - zr"+^ -\z-y + w\-"^+^) {\x zr'^^^ - |z - 2/1—+^) 



/c(x, y, z, w) :— \w\ 



-m~S 



\x ~ y + w\ 



m+fl 



\x - y\ 



We are going to show the following, for several sets X C R , which, as the union of these X is M , gives the 



claim. 



We are denoting ki, k2, 



where 



Xx{x, z, y, w) k{x, z, y, w) A{z) B{y)dw dx dy < (4.10). 
k{x,y,z,w) < ki{x,y,z,w) + k2{x,y,z,w), 

(ix-zr"+^-iz-y+u;r"+^) 



(4.11) 
(4.12) 



ki{x,y,z,w) := \w\ 



-rn — 5 



\x — y + w\ 



m+/3 



k2{x,y,z,w) \w\ 
We split up the space (a;, y, z, w) G M^™ as follows 



(I. 



X — z\ — \z — y\ 



\x " y\ 



Bi 

B2 

B3 



Ai := {{x,y,z,w) eM.^"" : \x~y\<2\z-y\ A \x - y\ < 2\x - z\}, 
A2 {(x,y,z,z«) eR^m . \x-y\<2\z^y\ A \x - y\ > 2\x - z\}, 

As {{x,y,z,w) em.^"' : \x-y\>2\z^y\ A - y| < 2|a; - z|}, 

= {{x,y,z,w) eM.*"" : \x - y + w\ < 2\z - y + w\ A |x - y + -u;| < 2|a:: - z]}, 
= {{x,y,z,w) eM.*"" : \x - y + w\ < 2\z ~ y + w\ A - y + w| > 2|a:: - z|}, 
= {{x,y,z,w) eM.*"" : \x - y + w\ > 2\z - y + w\ A |.x - y + w| < 2|x - z|}, 



{(a;,y,z,«;) eE*" : > 4|x - y|}, 



C2 := {ix,y,z,w)eR''"' : -\x-y\<\w\<A\x-y\}, 



C3 



{(a;,y,z,u.) eR4" : 4|u;| < \x-y\}. 
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Note that 



1,4m 



Ad (Ci U C2) n Bi: First we observe that 

\x-z\ -\z-y\ 



J XCiUC2{x,z,y,'w) k2{x,y,z,w) dw 



< 



\x-y\ 



Following the argument as in the proof of Lemma 4.2, we consequently have for a finite number L, some Sfc, Sfc > 0, 
tk, ik e {0,t), Sk +ik = Sk +tk = T - P - S, Sk < e, such that 

L L 

XCiuC2ix,z,y,w) k2{x,z,y,w) A{z) B{y)dw dx dy < ItjB\{x) + ^Is^{ltJA\ \B\){x). 

k=l fc=l 

(4.13) 

Moreover, for any e G [0, 1], since oni?i, |a; — z| ~ \z — y + w\, we can use the mean value theorem and have 

X{CiUC2)nBi kiix,z,y,'w) < Iwp™"* max{|a: - z|, [z - y + 'u;|}"'"+^"''|.t - y + ui|"'"~''+^X(CiuC2)nSi 
Now, 

\x-y + w\xci > l^lxci > k - y\xci, 
\x'~y + w\xc2 ^ \w\xc2 ^\x- y\xc2, 

Consequently, 

X{c\uC2)nB, ki(x,z,y,w) < \w\ X\w\>\x-y\ \x - z\ \x - y\ 

, I \—rn—5 I 1— m+r — £1 , i— m— /3+e 

+ \x-y\ \x-z\ \x-y + w\ X\x-y+w\<\x-v\ 

Integrating in w implies then for any 5 > 0, £ G (/3, 1) 



J X(CiuC2)nBi ki{x,z,y,'w) dw<\x-y\ 



\x — z\ 



thus if we choose e e ((5 + /?, r), s := r — e, t := — (5 — /3 + £, together with (4.13), we have shown (4.11) for 

x = (CiUC2)nBi. 



Ad (Ci U C2) n B2: Next, we consider X(CiuC2)nB2^- 

\—va+r I 1— m+r — e 

X(c^yJC2)nB2kl{x,y,z,w) <\w\ 7^X{CtyjC2)nB2 „n+«_e X(CiUC2)nB2^ 

\x — y + w\ \x — y + w\ 

Now one proceeds exactly as in the situation for Bi above and we have (4.11) for X = (Ci U C2) n (i?i U 52)- 
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Ad (Ci U C2) n B3: Then, we have to consider X(CiUC2)nS3^ 



I 1— m+T— e 

, / N / I ,-m-s\z~y + w\ 
X{c\uC2)nB3ki[x,y,z,w} < \w\ — ^m+fi-e X(CiuC2)nB3' 



Using that 

for any ei + 62 — £ < t 



\x — y + w\ 

X{CiUC2)\w\ > max{\x -y + w\,\x- y\} X(CiuC2)> 



X{CiuC2)nB3kiix,y,z,w)A{z) dz < \x - y\ \x - y + w\ " / \z ~ y + w] "'^^ ^A{z) dz 



\x~y\ \x-y + w\ Ir-eA(y-w), 



I — m — /3 + £2 



that is for any 62 > P, 



X{CiUC2)nB3kiix,y,z,w)A{z) dz dw < \x - y\ ™ j \x - y + w\ ™ /^-^^(y - 



X — y| / la; — w 



-ra-0+S2 I^^^A{w)dw 



\x - 2/1 



-m — 



/r-/3-eiA(a;) 



which gives for 62 > S the claim (4.11) for X — (Ci U C2) H i?3, where s = r — /3 — ei and t ^ ei — 5. Together, 
(4.11) holds for X C Ci UC2. 



Ad C3: It remains to show the claim for C3: 

XC3 (a;, y, z, w)\x - 2/1 w XC3 (a;, 2/, z, w)|x - 2/ + w| 

XC3n(AiuA2)(a;, y, z, w)\z - y\ ^ XC3n(Aiuyi2) (a^, 2/, ^, w)|z - y + w| 
In this case, ki and ^2 should not be considered independently, but we rather use the following 



k{x,y,z,w) < \w\ 



-m — S 



:r^+^-\z-y\- 



\x - yC^^ - \x-y + w\ 



+ \w\ 



-rn — 5 



\x-y\ "^Ix-y + iv] 
\z - J/P"^^ -\z-y + u'p"+^ 



m+/3 



\x — y + w\ 



m+fl 



Note that 



xcslx-y + w] >xc3\x-y\- 

XC3n(AiUA2)l2/ - z + w\Ki Xc3n(AiUA2)k " 2/1- 
Thus, using (4.14) with the mean value formula or the conditions A2 for any e — ei + 62 E [0, 1] 



XC3n{AiuA2)Hx,y,z,w) < \wl 



siam{\x- z\,\z-y\} " \x - y\ , .7n+i3-e, ,e 



(4.14) 



\x - 2/1 



2m+2/3 



F-2/1 kl XC3n(AiUA2) 



1-5 



^ I I — m — (5 a; Z 
^ 7/) 



x-y\ 



+ \w\ 



m+0 

F-2/1 



|a; - 2/1 

-m — (5 1 



1— m-hr — £1 le 
Z-V\ \w\ XC3n{A^UA2) 

- 2/r'Xc3n(AiUA2) 



z-y\ """^^ lu'T k - 2/r'xC3n(AiuA2) 
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Consequently, if we choose ei 6 {S,6 + e/2), £2 £ /3 + e/2) such that £ = ei + £2 < min{l, r}, using that 
we arrive at 

XC3n(AiuA2)«(2;,y,^,w) < k - 2/1 

This imphes for s := t - £ > 0, t := £ - (5 - ^ 6 (0, e), (4.11) for X C3 n (Ai U A2): 

Xc^n(A^uA,)k{x,y,z,w) B{y) A{z) dw dy dz < I,\A\ix) It\B\{x) + It{\B\ Is\A\ ){x). 



Ad C3 n A3: The last case is C3 n ^3, where we have by (4.14) 

XC3nA,k{x,y,z,w) < \w\~"'~^^' -^^^^^Ix ~ y\^' Xc^nA^ 



I —m — S 



\x - y\ 
\z-y\ 



\z-y + w\ 



< 



\z - y\ 



\x - y\ 



rn+fS 



XCanAa 



1+13-62 ^C'anAa 



k,- 2/1 

z-y\ + 



k - y\ 



m+p—62 



While the first term on the right-hand side behaves exactly as before, for the second term we need yet another 
case study: If \w\ < ^\z — y\, we can proceed as in the cases before using the mean value formula. Note that on 
the other hand, 

X\w\>^\z-y\\z-y + w\ < 3\w\, 

Consequently, 



X|-U)|>i|z-a| 



-171 — 5 — 62 



\z - y\ - \z -y + w\ 



k - y\ 



m+(j — 62 



^ I 1— m — 5— £2 1^ 2/1 
^ X\z-y\<2\w\\w\ ,,„+/3_£2 XCanAa 

\x-y\ 

I |-m-5-£2+£F-2/ + w| 
+X.\z-y+w\<Z\w\\w\ XCanAa 



2/r 



/+//. 



Since 



we arrive at 



X|^|>i|^-;;||w| " ^ ^^dw ^\z-y\ 



-5 — 62 



I dw 



\z-y\ 



-m + T — 5 — 62 



•1+/3-E2 XCaflAa 



\x - 2/1 

so setting £ = £1 +£2 G (/3 + (5, min{l, r, /3 + (5 + e}), for £1 G (5, ^ + e/2), £2 G (/3,/3 + e/2) gives the estimate (4.11) 
for /, and as for //, 



I I 1— m+r — £ 

,-m-5-£2+£ \Z~V + W\ 1^1^^^ £<r |^|-m-5-£i |^ _ 



■m — P+62 



\x - 2/1 



m+/3 — £2 



/^_e|A|(2/- w). 
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and finally, 



Thus, also // has the required estimate and we have shown (4.11) for X = Csf) A^. 



□ 



The following estimate should be compared to the estimates in [Clia82], who extended arguments in [CRW76] 
from Riesz transforms to Riesz Potentials. Their estimates treat cases in which one of the involved functions b 
belongs to BMO, which one usually uses in applications for estimates of that expression in terms of jVl'^b. But if 
one knows that |V|*& exists, then the following estimates are more precise than their BMO-counterparts in terms 
of Lorentz space estimates. 

Lemma 4.6. For any d > such that s + 5 < I and any 7 G (s, s + 5), we have 



V\s+S 
a 



If-s\Isb\ 



mm 



)} 



Proof. For S > such that s + S <1. Set 



Then, 



Now, 



B:=Isb, yl:=|V|''+a. 
C{a,Is)[b] = Is{{Is+5A){\\7\'B) - \\7\' {{Is+sA)B)). 



\V\'{{Is+sA)B){x) = c. 



Is+6A{x) B{x) - Is+sA{y) B{y) 



Is+5A{x) Cs 



B{x) ~ B{y) 



\x-v\ 

Is+sA{x) |V|'B(x) +c,,5 



dy + Cs 



dy 



Is+sA{x) - Is+&A{y) 



\x-y\ 



B{y) dy 



\x - y\ 



n-\-s 



A{z) B{y) dz dy 



Let now 7 £ (s, s + (5) C (0, 1) and denote 

k{x,y,z) 



\x - y\ 



n+s 



Now we follow the strategy in [Schll]. We decompose the space {x,y,z) € R'^" into several subspaces depending 
on the relations of \z — y\, \x — y\, \x — z\: 



where 



1 < Xiix, y,z) +X2ix.,y,z) + X3{x,y,z) + X4{x,y,z) for x,y,z € 

Xl '■= X\x-y\<2\z-y\ X\x-y\<2\x-z\^ 
X2 '■— X\x-y\<2\z-y\ X\x~y\>2\x~'Z\, 
X3 ■ X\x — y\>2\z — y\ X\x—y\<2\x — z\ X\x — z\<2\z — y\- 
X4 ■ X\x — y\'>2\z — y\ X\x — y\<2\x — z\ X\x — z\>2\z~y\- 



Then, by the mean value theorem 

Xi{x,y,z)k{x,y,z) < |z - a;] 



y-x\ 



-n— s+7 
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Same holds for 

Finally, 

Note that 

and 

that is 
That is, 
This implies. 



X2{x,y,z)k{x,y,z) + X3{x,y,z)k{x,y,z) <\z - x\ \y - x\ " . 

X4{x,y,z)k{x,y,z) < \z - y\^'"'^'^^^'' \y - xl^'"'^"^'^ . 

3 

X4{x,y,z)\x - y\ < X4{x,y, z)\x - z\ + X4{x,y, z)\z - y\ < -Xi{x,y, z)\x - z\, 
Xi{x,y,z)\x ~y\> Xi{x,y,z)\x - z| - Xi{x,y,z)\z -y\> ^X4{x,y,z)\x - z\, 

X4(x,y,z)\x - y| w X4{x,y,z)\x - z\. 
X4[x,y,z)k{x,y,z) <\z -y\ ' mm{\y - x\ ,\z - x\ '} 



\\V\'iiL+sA)B)ix) - I,+sAix) \V\'Bix)\ 
\A\ V,|S|+c, 

It is a simple adaption, to show that in the claim, for both terms on the right-hand side, we could have chosen 
different 7. □ 

For s = 0, a (non-trivial) version of Lemma 4.6, is the following result, for any Riesz transform TZ. Like Lemma 4.6 
was related to Chanillo's [Cha82], this estimate is related to [CRW76]. The proof follows by the same arguments 
as the proof of Lemma 4.6, we leave the details to the reader. 

Lemma 4.7. Then, for any S G (0, 1) and any ji G (0, 5), i = 1,2, we have 

\C{a,n)[b]\ < Cnjn^ Is-r,\M'a\ I^,\b\ + Cn,5,^, I^,[ls-^,\b\ \\vfa\). 

4.3. Fractional product rules in the Hardy-space via para-products - including the limit 

case 

In this section we introduce several commutators, and show how to use techniques developed by Da Lio and 
Riviere in [DLRllb] in order to estimate their behavior involving the Hardy spaces Ti. For the case < 1 the new 
contribution are the commutators themselves, the techniques for the proof of their behavior follows the arguments 
of Da Lio and Riviere. In the case = 1, these arguments have to be extended and more precise, in order to show 
the same behavior for this limit case, which was unknown up to now. The essential commutator estimate is 

\\\V\''in[h] I^b-n[h I^b])\\^<\\h\\2\\b\\2 whenever /iS (0,1]. (4.15) 

From this we will conclude 

||C(/,7^)[|Vr^]||,<|||Vr/||, MsMO, (4.16) 

and 

II^^M(^,5)ll2<ll|Vr5ll2 Mba/o. (4.17) 

as well as 

m'H,ia,b)\\^<\\\Vra\\, \\\Vrb\\, forMe(0,l]. (4.18) 

Note that (4.18) is already known for fj, < 1 [DLRllb], and we are going to prove it only for the new situation 
fj, = 1, when we will show that it follows from (4.15). 
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Proof of (4.15). Let 

T{h, b) := \v\''in[h] i^b - n[h i^b]) 

We will follow the basic ideas of the proof of the commutator theorem in [DLRllb], which goes through without 
great changes, if /i < 1, and then point out where it fails ii fi — 1. In the latter case, we have make a precise 
computation of the failing term, and show that in fact this term is essentially a commutator as in [CRW76] and 
another good term. For a general reference, we refer the reader to the proof in [DLRllb], as we will sketch some 
of the parts which behave no worse than in their case. In particular, the notion of Besov- and Triebel spaces and 
their respective estimates are taken from [DLRllb] without too much changes. 

The para-products and Littlewood-Paley decomposition 

We need to control three parts of T. We introduce the projections Hi, 112, defined via 



Il2T{f,g) := ^T(/^-4,g,), 

jez 

j+4 

jeii=j-4: 

Here 

supp/;c{|?|e(2^-\2^+i)}, 

and 

supp(/^y c < 2^+1}. 

These terms come from the Littlewood-Paley decomposition. Note that then for £ Z, 

A;+3 

niT(/,5)fc:= E T{fj,9'~%, (4.19) 

j=k-3 
fc+3 

n2T(/,5)fc:= E T{r~\9j)k, (4.20) 

j=k-3 

oc j+i 

n3T(/,5)fc:= E E T{f,,9i)k- (4.21) 

j=k-5 l=j~4 

Estimates from [DLRllb] 

Let us recall the following estimates, whose proof up to small adaptions can be found in [DLRllb], for a general 
overview we refer to Tao's lecture notes [TaoOl]: First, denoting with A4 the maximal function, 

sup |2"''lVl''/''(x)| < Mf{x) for any 7 > and almost every x 6 M". (4.22) 

feGZ 

Here, for 7 = 0, we set ]V|° := Id. In fact, for a suitable (f) in the Schwartz class, 

2-^^-lV|''/'(x) =2(™-^)^-y ^{2'{x-y)) iVlV(y) 2^"^^' J {1^7^ 4>W {x ~ y)) f{y). 
Now the argument follows the exactly the one of [DLRllb], using that 



1 



if 7 = 0, for any /? > 0, 



and we arrive at 

2-7fc|v|''/'=(x) < X/(a;) E 2"^ sup |V|''<^(z) 
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which is convergent if 7 > 0, but might be divergent for 7 < 0. This shows (4.22). □ 
Let be a zero-multipher operator with 0-homogeneous symbol n. We have (cf. [TaoOl, Notes 2 for 25A, Lemma 
LI]) 

sup ||2-^'=iV|VrMloo ^ Cn II/IIbo for 7 > 



and thus also 



II|VW|L< 2^^11/11^0 for7>0 



A crucial role is played by 



a-7,JV||/|l2 



whenever < 7 < a. 



which follows from 



an argument which can be found in the commutator estimates in [DLRllb]. 



Estimate of 112 

We have 



\Il2T{h,b)\\n ^ \\\VrTl,{TZ[h]lMH + \\nM^^2{hlM\n 



< |||vr^2(7^[/l] i,Mh + Ilivrn2(/i i^i 



Let h := TZ[h] or h, respectively. Then 
WlVfU^Ch I,b)\\n 



II I Vrn2(/i 7^5)11^0^ 



(4.20) 



< 



E 



fe+3 

3=k-3 



max 2^'^'= 

j6[fc-3,fc+3]nZ 



< /■ (^22^^-(sup|/if ) |/A 



Thus, 



(4.22) 



|||V|^n2(/i 7,6)11^ < / Mil ^22^"=|/^6. 



< 
< 



\kei 



It is worth noting, that this argument holds for any /i > 0. 



(4.23) 
(4.24) 

(4.25) 



32 



Estimate of Hi 

Now we treat UiT. For some V'j IIV'llso < 1 we have 

I|nim6)i|„ < \\ii,T{h,b)Uo 



< 



U,T{h,b)^{0 no 



HOri)={j^X(^-i]. (4.26) 



where 

Note that by the support of the different factors, we only consider ^, 77 such that — rj\ < 2^^^ , 2^~^ < {rjl < 2^^-^, 
and thus 2^''^ < \^\ < 2^+^. In particular, 

We can assume w.l.o.g. that if (4.27) is satisfied, following identity holds, and the right hand side converges 
absolutely 



(4.28) 

1=1 

where rij, m; are zero- homogeneous functions, and we will denote their respective operators with TV;, Mi. In fact, 
one can check that this is true, if (4.27) is satisfied for 2^^ on the right-hand side, for some L e N. If L is not 1, 
then we need to replace for the decompositions Hi, 112, Ha and use instead 

il,Tif,g) := J2^{f„g^-^-^), 
jez 

j+3+L 

n3T(/,.g) := E E Tif„gi). 

j& l=]-3-L 

Thus, for the sake of simplicity, we are going to assume that L — 1. 
Estimates for IIi if ^ < 1. 

The expansion in (4.28) is precise enough, if ^ < 1, since then I — ^ > for all I £ N. Here (•)^ is the Fourier 
cutoff on \0 e (2'=-2, 2*^+2). 

miT{hMn ;$ Ei! E / NiM'-'-V-' |V|% 

1=1 ■ jez 

°° ^ r 

< El! / E|2''^^'^;^j| 2^^^-'^Ni\vf-'V-^ sup||2-^'^-|VrVfclL 

1=1 ' •' jei ^ 

^^-< Ei24(A'-o I f y^\2^iMihh,A I / y^\2^^~^^(^^~'^Ni\vt^v-^ 



1=1 jei 
i>i>M „ 

< E^' 

1=1 



(4.29) 



< \\hh \\b\\2- 
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The crucial point in the above estimate is the apphcation of (4.25), and it was there that we used that fi < I for 
all Z > 1, that is /i < 1. In particular, if the summation on I above had started with I = 2, this estimate would 
have been true for any /i < 2. Also, note that for fi ~ 0, this estimate still holds. 



Adaptions for IIi if /i = 1. 

Thus, if ^ = 1, we have to be more precise and actually need to find good controls of the Taylor-expansion for 
; = 1: 



where 



1=2 



,1-1 



\v\ \ - V\ \v\ \v\ I? - ^71 
1^1 / 1] £. - V , V , V v'' {£. " '7)* 



1^1 V \v\ IC - v\ \v\ \v\ \v\ I? - v\ 



\v\ \v\\v\\\v\ 
hi 

Now we define bilinear operators Ti , T2 via 

Ua, := I t|^m(r;,C - v) «W 77). 

By the commutator arguments of [CRW76], Ti{-, •) can be estimated 

Indeed, for some constants ci, C2, 

fl(/l,6)=Cl(7^H+7^[5]) + c2(7^fc[7^7^fc[a]] b + mZk[a] TZk[b]) 

Thus, 

\\Il^T{h,b)\\^ < \\U^{T{h,b)-f,ih,b)-f,{h,b))\\^ + \\n,Uh,b))\\^ +lhlUI&ll2 
=: / + //+|h||2 II6II2. 

The term / can be estimated in the same manner as in (4.29) for fi < 1, since the only term for which (4.25) was 
not applicable is now cut away. 

Thus it remains to estimate //. Note that rri is a finite sum of products of zero-order multipliers of r/ and £, ~ t], 
which thus plays no role in our argument. The crucial point is, that by (4.27) 



1^1 - hi 



- miiri) ni{£, - 7?) |77p' |^ - 77]', 



hi tt^ 

so the exponent of |^ — 77I is always strictly greater than zero. The estimate on // follows then from along the 
arguments in (4.29) for fi = 0. 
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Estimate of 

It remains to estimate 11^. Let A^i, N2 be a CZ-zero- multiplier operator (in this case or the identity or the Riesz 
Transform TV). In order to estimate Il3T{h,b) in the Hardy-space norm, it then suffices to control terms of the 
form 

||A^i|V|^n3(A^2/^/M^)llw 

Again, for some V', IIV'IIbo — 1' 

||iVi|Vrn3(iV2/i/,,6)||„ < \\\V\^U3{N2h I^b)\\^ 

< \\\V\^U3{N2h I^b)\\^„ 



< 



iVmN^h I^b) ^ 

li^iN^h I^b) |V|''V 

J +4 



f ^^^^ ^^^i 1^1''^ 

[ ^^^^ ivrv^+' 

7+4 

1.24) -"^ r 



Ai>0 
(4.24) 



jGZ;=j-4' 



This shows (4.15) □ 
Then we are able to give the 

Proof of (4.16). The estimate is a consequence of (4.15): Let G Co° , 1|^||2 — 1 such that 



||c(/,7^)[|vr^]|l, < 2y c(/,7e)[|v|V]^ 

= 2 /■(/7^[|vr^] - 7^[/|v| V])^ 



= ^'^j V |v|^(7^[/v^]-/7^[^]). 

Taking h := and 6 |V|^/, one concludes the proof of (4.16) by (4.15). □ 
Proof of (4.17). li fj, — I, (4.17) follows from the following easy argument: 

\\Hi{^,g)\\, = c||7^,7^,ffl(^,g)||2 < ^ \\TZ,Hi{^, g)\\,. 

i 

Moreover, 

TZiHi{ip,g) = gdiip + (fdig - TZi[g |V|V] - T^dv |V|^5] 

= .g7^,[|V| V] + ^^^IlVr^] - 7^.[5 |V| V] - ^.[y' IVl'ff] 

= c(5,7^,)[|v|V] + c((p,7^0[|vl'5]. 
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Consequently, by the [CRW76]-comniutator theorem 

\\Hi{^,g)\\2 < E \\Cig,n,)[\\7\'^]\\,+J2\\C{v,mM'9]\\2 < E I|C(5,7^.)[|V|V]||2 + MsMO |||V|^5ll2, 

i i i 

and therefore we have reduced (4.17) to (4.16). 
If /i < 1, we show that for 

H^,ia, b) \V\^a b - a\V\^b - |V|^(a6) 

we have the estimate 

\\H,[aMu^M2 m'bh- 
Use again the decomposition in Hi, 112, Ha. We have for any /i > 0, 

l|n3(|Vr(a6)||„ + ||ni(a|Vr6)||^ + ||n2((|Vra) 5)||„ + ||n2(a|Vr6)||^ < \\a\\^ WM'bW^. (4.30) 
Estimate of Hi . We have, 

(4.30) 

m,H,{aMn ^ \\Y.{{\yra,W-'-M^{a,V-'))U + \\ah \\M'b\\,. 

3 

Thus we have to estimate 
The respective kernel is 

oo 

1=1 

that is 

oo „ 

E / {iNra,)V-'-M'ia,V-')) 

oo oo p 

< ii«ii2 iiivr6ii2, 

where for the last step we can just copy the remaining arguments from (4.29), since < 1 <.l. 
Estimate of 112. Since 

H^,{a, b) = |V|^a h - 2a|V|"6 + {a\V\^b - |V|^(a6)), 

we can 

(4.30) 

||n2i?^(a,6)||.„ < ||^(|Vr(a^-%)-a^~4|V|%)||« + ||a||2 m'h\\,. 



Since /.t < 1, as in the argument for Hi, we can estimate 

II E (|Vr(a^-%) - a^-1V|%)||« < ||a||2 IHVr^H^. 
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Estimate of II3. Finally, we have 



(4.30) 



Il,H,{a,b)\\^ < \\J2i\Vria,)b,-a,\Vrh)\\H + \\a\\,\\\S7rb\\„ 



and have to estimate 

00 j+4 00 j+4 j+6 

j — -~oo i—j—4: j — ~-Qo i—j—A k—j-~6 

The kernel here is (note that for ^ G supp('0-^~^)^, rj G supp(aj)^, < ^ which ensures convergence) 

00 



(4.31) 



thus we have 
/ 



= E^' E E j Mi\Vr'a,b,Ni\vU^ 

l — l j— — 00 i—j — 4: 

< E^'2-6'«^P2"'^'"'^ll^'l^l'^'"'lloo E E / |2^'-^^^A^;lVr'a, 



00 j+4 



/ — I J — — 00 i— J— 4 

(4 24) °° °o /. 

< ll^bo^,^ E-'2-'' E E \Y-''''M^\^r'a 

l — \ j — — oo i—j — 4: 



\T'bi 



< 



For //, where the expansion (4.31) might not be convergent, the situation is even easier, 

00 j+i j+6 

l^^l ^ E E E / (|2-''^|V|%-| |2^^-6,| + |a,| IIVrfe.DlV'fcl 



j — — oo i—j — 4 k—j — 6 

I 



< 



< 



I -BO 



E|2-«|V|% 



E 1 2""^' 



iivr&,i 



Ibo \\a\\, \\\Vrb\\,. 



□ 



Proof of (4.18) for fi — 1. We have (by the classical product rule, or equivalently expanding the symbols |^| = 
~ vl^ + k/P + 2^ • (^ — 7])). With TZk we will by a abuse of notation call the linear operators with symbol ^'"'/[■Cl- 
By the classical product rule for TZi\V\^ = cdi 

'R,Hi{a,b) = a7^,|V|^& + 57^,|V|V-7^i(a|V|^6) -7^i(6|V|V) 

= /i(|V|V) 7^,|V|^6 + /l(|V|^fe)7^,|V|^a-7^,(/l(|V|^a) |V|^6)-7^,(/l(|V|'&) M\) 

= h{\v\\)n.-M^b-n.,{h{\v\\) Mh) 

+/l(|V|'5)7^,|V|'a - 7^,(/l(|V|'6) |V| V) 
Thus, 7^,|V|'i^l(a,6) can be estimated via (4.15), and as this holds for any i e N, we have (4.18) for ^ = \. □ 
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5. Energy approach for optimal frame: Proof of Theorem 1.6 



In this section we construct a suitable frame P for our equation, transforming the antisymmetric (essentially) 
L^-potential into an L^'^- or even better in an /^'H-potential 0,^^- Here, T-L is the Hardy space, and with the 
previous statement we essentially mean that 

< Q,P 11/11(2^^), or j ^lP[\vr^]<Cnp \W\\bmo^ respectively, (5.1) 

where BMO is the space dual to T-L. This is an improvement, since for the non-transformed il, we only had the 
estimate 

/ m < Cn Wfh- (5.2) 

For motivation of the arguments presented here, let us recall the classical setting [Riv07], where we have the 
equation (usually for w' := Vm* G L^iW^.M."^)) 

- div(w*) = Qik ■ w'-, 

for = -^ki € L2(R",E2)^ and we look for an orthogonal transformation P G W^^'^iW ,SO{N)), SO{N) C 
^NxN ^gjjjg |;}jg special orthogonal group, such that 

I • = 0, (5.3) 

where 

tlfj = P^k'^PkJ + P^k^klPl^, or equivalently, - div(P,;u.') = f^f^ • PkiwK 
Also in this case, the estimate (5.3) is an improvement from the estimate for the non-transformed fl 

Jn-v^KC^ liv^ll^, 

philosophically similar to the improvement (5.1) from the starting point (5.2). 

For the construction of P such that (5.3) holds, there are two different arguments known: Riviere [Riv07] adapted 
a result by Uhlenbeck [UhI82] which is based on the continuity method (for the set tfi, t G [0, 1]) and relies on 
non-elementary a-priori estimates for fl^ which also needs L^-smallness of il. In [SchlOa] we proposed to use 
arguments from Helein's moving frame method [Hcl91]: Then the construction of P relies on the fact that (5.3) is 
the Euler-Lagrange equation of the energy 

E{Q) ■.= \\n'^\\l g G 50(iV), a.e., (5.4) 
the minimizer of which exists by the elementary direct method. 

Both construction arguments have been generalized to the fractional setting for r2[] = fJ- a pointwise multiplication- 
operator [DLRlla, Schll]. In our situation, where ft[] is allowed to be a linear bounded operator from to L^, 
we adapt the argument in [Hcl91, SchlOa, Schll], and minimize essentially the energy 

E{Q) := sup f nQ[ip], Q G SO{N), a.e.. 

While the construction of a minimizer of i?, see Lemma 5.5, is not much more difficult as in the earlier situations 
[H6191, SchlOa, Schll], when computing the Euler-Lagrange equations, see Lemma 5.6, we have several error 
terms, which stem from commutators of the form /^^[(ji] ~^l[fg\ , which are trivial if 51 [] is a pointwise-multiplication 
operator ri[] ~ In Lemma 5.7 we then show that these error terms all behave well enough, if we take the for 
us relevant case of 57 [] being of the form ^7?.[]. 

5.1. Preliminary propositions 

Here we recall some elementary statements, which enter the proof of Theorem 1.6. Proposition 5.1 and Proposi- 
tion 5.2 are simple duality arguments for linear, bounded mappings between Banach spaces. Proposition 5.4 is a 
quantified embedding from into BMO. 
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Proposition 5.1. For any s > there exists Ao,Cs > 1 such that the following holds: Let f G L^(M'™), |V|'*/ G 
L2(M™) and assume f = on R"'\Br for some C M". Then for any A > Aq, 

ll|V|7ll2.E'"\S.. <^^^ A-^-^ II|V|7||2,B.. 

Proof. Using Corollary B.2, 

ll|v|7ll2.M".\B.„<A-^-^ II|v|7I|2,e™\b.„ + a-^-« II|v|7I|2,b... 

Thus, if A > Aq for a Aq depending only on s, we can absorb and conclude. □ 

Proposition 5.2. Let A : L^(R™) L^(R™) be a linear, bounded operator. Then there exists g G i^(]R'"), 
llfflb.R™ = 1 such that 



sup / - / A[g]. 

||V||2,R-<W J 

In particular (taking instead of A the operator A :— A[xd'], .for any D C M™ there exists go £ L^{D), \\gD\\2,D < Ij 
supp5 C D, such that 



sup _ / A[iIj] = / 



ll'/'ll2,R»"<l,suppi/)C-D • 

Proo/. As /* G (L2(M™))* for 

is a linear bounded functional, there exists a unique / G i^(K™) such that 



= / />, (5.5) 



and 



On the other hand, 



which in turn implies that for g :— ||/|L ^ /, 



||2,R" = sup / A[%1:] 

ll'/'Ib.R™ <1 • 



sup / ^[7^] = ||/|!2,R.. = / A[g]. 

IIV'I|2.I!™<1' 



□ 



Proposition 5.3. Let A : L^(R™) — > L^(M™) 6e a linear, bounded operator. Then there exists a linear, bounded 
operator A* : L°°(M™) ^ L'^{W'") such that 

J 9 A[f] = j f A*[g] for any f G L\W^), g G L^{W^). 

Moreover, g = ||^(1) ||2^"'^ A*{1) for the g from Proposition 5.2. 
Proof. For any g G L°°(R™), we have 

T,[.] := j gA[]^{L^{W-))\ 
thus there exists a unique A* G LJ^iW"") such that 

Tgif] ^ j ^*af for all / G L^{R"^). 
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For Ai, A2 e M and 31,32 G L°°, and any / G L^iR"") 

I ^A,s,+A.s. / = Ai y .91 + A2 y .92 - Ai i^ig, / + A2 1 /, 

which imphes that ^*[-] := A* is linear. As for boundedness, note that 

m*[ff]||2,E". = sup [A*[g]f= sup /'.9A[/] < PlU^^ii, 

||/||2_h™<1 J II/I|2,J.™<1"' 

that is 

Finally, we have that 



which - given that it holds for any ifj G L'^(M"') - implies / = □ 
Proposition 5.4. Let (p G C^{Br), then 

Proo/. Let A > 0, then 

WmW. „ < \\m - IR. / + 



M,,S.<\\^-\B^r\-' I V\\ +^ll^lll« , 



and consequently for, say, A = 2, 



< (Ar)™ Mbmo. 



□ 



5.2. Energy with potentials 

Let n'-'^ : L^{W^) L^W"'), 1 < i,j < N he a linear bounded Operator. And set 

^fjif] ■■= (|vr(Q Ql, f + Q^ki^kl[Qfjf], 
for supp(Q - /) C Br, |V|^Q G L2(M^x^) and Q G 50(iV) almost everywhere. For tP -.W ^ R^""^, we write 

Having in mind (5.4), we then define the energy 



SUp^l=Cg°(BAr(^).8-"^") 

/ if supp(g - /) c Br{x), 

E{Q) = Er,,,A,sAQ) { "^11^^^' K" (5-6) 

00 else. 

Obviously, Q = / is admissible and E{I) < 00. Thus there exists a minimizing sequence, and one can hope for a 
minimizer: 

Lemma 5.5. For any /i > there exists Aq > 1 such that for any A > Aq, the following holds: There exists an 
admissible function P for E such that E{P) < E{Q) for any other admissible function Q. Moreover, 

ll|Vr/'ll2,B..(.) + A^+ni|VrP|l2,R„.\s..(.) < \M,^,^sM^y (5.7) 

Here, 

ll^^lb^i.D sup \\nm^ 
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Proof. Take Aq from Proposition 5.1 and assume A > Aq. We have for any ip £ Cg°{BAr,^ ), HV'lk < 1 

E{Q) > J (|Vr(Q - /) Q^).,7A., + J Qn[Q^^] 



> J (|vr(Q-/) QO., - \\nh-,i,B,., 

which (taking the supremum over such ip) imphes 

IW^nQ- 1)112,3,,. <E{Q) + \\nh^,,B,.. 

According to Proposition 5.1, this implies (as Q = / on W^\Br), 
Consequently, for a minimizing sequence Pk, 

and up to taking a subsequence, we may assume that there is an admissible function P such that |V|''Pfc converges 
L^-weakly to jVj'^P and Pk converges pointwise and strongly to P. 
Then, for any fixed ijj G C!^{B\r), |1V'I|2,k«x« < 1 



We claim that 

y ^=^0, (5. 

which, once proven, implies that 

inf £;(•) > J n^ip, 

which by the arbitrary choice of tp implies that P is a minimizer. In order to show (5.8), note that 

n""" [ij] - n^'iij] = iv^Pfc (pj - p^)^ + 1 v|^(Pfe - p) p'^ij + {Pk - P)n [pJv^] + pn [(pj ~ p'^)^] 

=: h + IIk + IIIk + IVk. 

Since \Pk\, \P\ < 1, all terms of the form (P^ — P'^)ip *'^°°> in L^, by Lebesgue's dominated convergence. Thus 
Jlk+J IVk -^-^ 0. By the weak L^.convergence of \V\^Pk, also / Ih 0. Since PjV ^ ^^V^ in ^^(R™) 

fc— >00 r^rr-iT / I • r1 1 • 1 • , • 1 i 1 ml 1 P ttt k^OO 



also fl [PjV'] f2[P-^V'] in and in particular pointwise almost everywhere. Then also / Illk — > 0. □ 

Lemma 5.6. Let P be a minimizer of E{-) as in (5.6), and assume that 

= l<i,J<N. (5.9) 

Then for any ip G C^{Br{x)), 

~jnP[\w\^p] = ^1 H,{p~i,p^-r)\vrp 



- j so{PC{ip, n) [p^W^XD 

+ J soiWxD,PH^{ip,P^ -I)) 

-J so{c{p,nmr^]P'^) 



Here, we denote for a matrix A S R^^^ , the antisymmetric part with so{A) = 2 ^{A — A"'"), and for a mapping 
g : ^ , we denote g as in Proposition 5.2. 
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Proof. We set D := Br{x) and Da := B^rix). Let ip £ C(f (£»), w G so(A^). We distort the minimizer P of 

by 

■= e^'^'^P = P + eipLo P + o{e) e h} {D, S0{N)), 

that is we know that 

EiQ,)-E{P)>0 (5.10) 

We compute 

|Vr(Q, - /) 

= |V|''(P - /) + eip{uj |Vr(P -I) P^ - |vr(P - /) cj) + £|V|^(/3 w + e w P - /)P^ + 0(e), 

(5.11) 

and 

Qel7 [Q^] = P17 [P^-] + e{ip w P17 [P^-] - PVl [P^ + o(e). (5.12) 

Together, we infer from (5.11) and (5.12) (denoting the Hilbert-Schmidt matrix product A : B AijBij) 

= n^[iP]+e{ipu n^l^jj] - [toipip]) +e|V|^(p u-.^p + eu H^{lp,P-I) P^ : V + o(e)[V']. 

Thus, for any £ > 0, V G {D^.S^^''^), ||V'll2 < 1: 

l[E{Q,)-E{P)) > ^(^ln^[i;]~E{P)^ 

+ J uj H^i^,P-I) P^ : V 

+0(1). 

Let ip g L^{D\) such that E{P) = J (cf. Proposition 5.2), this impUes for the choice tp := 

(5.10) 1 /■ _ _ 

> -{E{Q,) - E{p)) > {^oj [oj^<fi]) 



+ J |V|^(p UJ : ^ 

+ j UJ H,,{ip,P-I) P^ -.^ 



+0(1). 

Letting e -> 0, we then have 



+ JuH^{^,P-I) P^: V 
which holds for any ip G C^{Br)- Replacing <p by —ip, we arrive at 

|V|^^w:V' = J (fiU) [uji^ip]+ J UJ Hf,{ip,P - I) P'^ -.i^. (5.13) 

Now we need to be more specific about the characteristics of ■(/;. We have 

E{P) = sup JnP[ij] = sup J IVfP^k P^:, i'^J + P^k^kl[Pi^Ji^^J]. 
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Let nil : L°°(R™) ^ L^^K™) be the linear bounded operator such that (ef. Proposition 5.3) 

/ g^kiif] = j nUg] /, for any / e ^^(M™), g e 



Set then, 



and 



Since 



we have 



g - I [{nPy)^g] f for all / e L2(R™), 5 e i-(M™), 



XDaU 



4, 

for some normalizing constant c. That is, 

and we can assume tp = cxda^^ — c-XdS^^ for some normalizing constant c. Now, 
Consequently, (5.13) reads as 

+ y a; H^{ip,P-I) : flP 
Da 

+ y"c.:fl^[(l-xz5A)|V|V]- 

Note that, since ip G C^(R") C L°°, 

c.,fe y (f^^)^^. [(fV")^^^] =c.,;fe I (JF) ^^ (TW)^^^'^^'"0. (5.14) 

By the same argument, 
and 



/ / //^ r^T //^ r n\ / n \ 



(.5.14) 



w.fc / c{ip,nL)[{nP)ij xda 



43 



where we denote the commutator C 

C{b,T)[f] ■.= bTf-T{hf). 

Thus, we arrive at 



+ c.:f7^[(l-XDj|Vr^] 



One checks, that 



Next, (and here the antisymmetry of fi, (5.9), plays its role) 

so{M\p-i) p^),, \vrip+^p,Ai[p,i\vrip] + ^PMP.kiyrip] 

= S0(|V|^(P-/) P^)y \V\''^+^P^Al[PJl\y\''ip] + lPJlP^Al[\y\''ip] 

-ip„c(p,fc, rifcOIIviV] 
= so(|V|''(P-/) P^)y ivr^ + Pa-f^fcH-PjilviV] 

+^^.fcC(p„,r!fcO[|vr¥']-ip,7C(p,fe,f},,)[|v|V], + / r!^[(i-XDA)|vr^]. 



and 



so(|V|^(P-/) P^) = i|V|^(P-/) P^-ip|V|^(P^-/) 



ivr(p - /) p^ + ^(-ivr(p -I) p^ ~ p|vr(p'^ - /)) 

ivr(p - /) p^ + i(ivr(pp^) - ivr(p - /) p^ - p|vr(p^ - /)) 



ivr(p - /) p^ + -i/^(p -i,p^- 1) 



This implies finally (going with ujij e {— f , 0, f } through all the possible matrices with two non-zero entries) 

-Jn^iivr^] = i|i/,(p-/,p^-/) ivr^ 

+ J so{PCiip,n) [p^W^XD^]) 

+ J so{WxD^PH^{ip,P^ -I)) 

so(c(p,i))[|vr^]p^) 



+ / nP[{i~XD.)\vrv]- 



□ 

Then, using the commutator estimates in [CRW76], (4.16), (4.17), and (4.18), we have shown the following Lemma, 
which implies Theorem 1.6 
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Lemma 5.7. Let P be a minimizer of E{-) as in (5.6), Lemma 5.6. Assume moreover, that ^l satisfies (1.6). 
Then for any ip G C^{Br) 



\BMO 



\\A\\ 



\BMO 



^/^e (0,1], 



.ll|V|Vll(2,oo) '/M>1- 



Proof. By Lemma 5.5 and Lemma 5.6, 
and by Lemma 5.6 we need to estimate 



j H,{p~L,p^-L) ivrv 



so{PCi(p,n) 



P^QP 



XDa 



)\<m\2 



\ j so{WxD.PH,{v,P^ -L))\<\m\2 \\H,{v,P'^ I, 

\ j so{c{p,iimr^]p^)\ < \\A\\2 iic(F,7e)[|vr^]ii, , 

yi7^[(i-XDj|v|V]|< ll^^^ll^^i Il(i-xi5j|vr^]||2. 



(5.15) 
(5.16) 
(5.17) 
(5.18) 
(5.19) 



The estimate of (5.15) is immediate from (4.18), for the estimate of (5.16) we apply [CRW76]. For the estimate 
of (5.17) we use (4.17), for (5.18) wc have (4.16). 
It remains to estimate (5.19), which follows from 



11(1 -XDA)|Vr¥']||2 ^ III V I ^||2,A 

k—1 

p.5.4 °1 

fe=i 



L.B.I °° 

< Y.C^'Ary^-^M, 

fe=i 



BMO- 



□ 
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A. Some facts on our fractional operators 

The fractional laplacian Ai is usually defined via its Fourier-symbol — ICT- Here, we will mostly use the negative 
fractional laplacian {—A)i = jVl" (which here plays the role of the gradient, or the divergence and rotation in 
the classical settings), defined via its symbol |^|*. These operators are defined for s £ (— m, m), if s < 0, we write 
At =/|,|. 

Most of the time, we will use the potential definition: For Schwartz functions /, 

I V|7(.^) = hm / (^""^ 'I}^] dy for ,s £ (0, 2). 

The inverse is the Riesz potential, 

f f 

Is f (x) ^ Cs liui dy fors£(0,TO). 

We refer, e.g., to [SKM93, Lan72] on hyper-singular operators, generalizations, and different representation for- 
mulas. 

Next, we state some useful facts about the fractional laplacian, which we are going to use throughout our paper, 
as standard repertoire. 

We have the standard Poincare inequality, for a proof, we refer, e.g., to [SchlOb]. 

Lemma A.l (Poincare inequality with compact support). Let s £ [0,m), p £ (l,oo), q £ [l,oo], then for any 
Br C M", and any f £ C^(B^) 

||/||(,„,,)<ar1||V|7ll(,,^,,). 
The (scaling invatiant) Sobolev inequality takes the form 

Lemma A. 2 (Sobolev inequality). Let s £ [0, ni), pi,p2 G [1, oo), q £ [1, oo] , for any f £ 5(M™), 

ll/ll(p,,,)<ll|v|7ll(,„,), 

where 

1 _ 1 s 
P2 Pi m' 

For pi = oo, we have the following limiting version of Sobolev's inequality: 
Lemma A. 3 (Limiting Sobolev inequality). Let s £ (0,m). For any f £ iS(]R'"), 

ll/IL<lllv|7ll(^,i), 

Also, we have the following Holder-like inequality 

Lemma A. 4 (Holder inequality). Let s £ [0,r7i), then for any pi < p2, for any Br C K™, and any f £ C^{Br) 

|||V|7ll(p,,,) <a,p,,p. r^-- ll|V|7ll(p„..) 

Proof. Let A > 2, then 

ll|Vr/ll(p,,5,),B^^ < C.,pi,p,,A r^-5I ll|V|7ll(p,,oo)- 
On the other hand, for some ^^ > 0, by Lemma B.l, Lemma A.l, 

ll|V|7ll(p,,,,,K„\B.. < A-^-1l/ll(p,,,) < A-'^|||V|7II(,,,,). 

For sufficiently large A we can absorb the latter term into the left-hand side, and obtain the claim. □ 

From the Lemmata before, we also have 

Lemma A. 5 (Poincare-Sobolev inequality with compact support). Let s £ (0,m), pi,qi £ (1,cxd), then we have 
s<t, for any Br C M"\ and any f £ C^{Br) 

\\\^\' f\\{p^,q^) <CpuquP2,q2,s,t r^~S+"~* 1 1 I ^ I ' / 1 1 (p, ) , 

where p2 £ (1, oo) such that 

1 1 s-t 

— < — + 

P2 Pi rn 

and (j2 = oo if the above inequality is strict, else qi — q2- 
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A very important ingredient in our arguments is the boundedness of the Riesz potential on Morrey spaces. 

Lemma A. 6 ([Ada75]). Let s G [0,m), pi,p2 6 (l,oo), q e [l,oo], A G (0,rn], such that 

11 s 
Pi P2 A ■ 

Then for any f £ 

II^''-^II(P1:9)a ^ "^''■^II(P2,9)a- 

The foUowing is an easy equivalence result, recall (1-17). 
Proposition A. 7. Let A > 2, a > 0. Then, 



oo 

k(T 



l(P,<2),^L 



k=Ko k=0 

Proof. Let ko := [logj AJ > 1, then 



2^0 < A < 2'"'+^ 
We have 
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B. Quasi-locality 

In this section we gather some facts which quantify the quasi-local behaviour of operators like fractional laplacians 
|V|", Riesz transforms TZ, and Riesz potentials Ig. With "quasi- local" we mean the following: Let A C M™ be 
some domain and assume that supp f C A. If we take T to be any of the above mentioned operators, then there 
is no reason why suppT/ C A, nor suppT/ C BsA for some S > 0. Nevertheless, if we take a domain B C K*", 
dist(yl, B) > e > 0, then Tf e C°°{B). In fact, in this case 

Tf{x) = fc * f{x) for xeB, 

where fc is a kernel of the form k(y) = h{y/\y\) \y\~"^^ for some s G {—m,m), h some smooth fmiction on S™"^. 
Since supp f C A and x G B, we can replace 

T/(x) = fc*/(x), 

where k{y) = (1 - r]{y))k{y), and rj e C^(i3e(0)), 77 = 1 on i3,/2(0). Obviously, k e C°°(R™), and consequently 
so is Tf. In fact, by the usual Young-inequality, we have 

I|r/|L,^ < ll/lli < \\k\UR-\B._Mo) ll/lli ^ ^ll'^llo. ll/llr 

That is, although we cannot ensure that Tf = in _B (as it would be, e.g., the case for local operators like V), we 
can at least quantify that the farer away B is from A, the less is the norm of Tf on B. In particular, we have 

Lemma B.l (Quasi-locality (I)). Let pi,p2,qi-,q2 G [IjOo], s £ {^m,m) and 57i,5l2 C M™ he disjoint domains 
with d := dist(J7i, fl2) > and with positive and finite Lebesgue measure. Then, for any f G 5(]R), 

where we set 

[ivr ifs>o, 

At -.^lldorTZ if 0, 
[/|,| ifs<{). 

Often we will use the above also for f2i or VI2 to be a complement of some ball Br- This is valid, since W^\B.r = 
U^i^^, recall (1.17). Then 

00 

fe = l 

and for each Aj5 we have the correct estimate, so that for s £ {~rn, m) the sum on k is convergent. Consequently, 
as a special case, using also Poincare inequality (cf. Section A), we have 

Corollary B.2 (Quasi-locality (II)). Let pi,p2 G (l,cx)), (71,(72 G [IjCo]; s,t G [0,m). Then, for any Br C M"*, 
/ G S{R), A > 1, whenever 

\\\^\''ifXBM(pi..qi)-R"^\BAr < C's,pi,p2,giA""~"+5t r5t-S-^+*|||V|'(xB,,/)||(p2,q2),B,- 

Lemma B.3 (Quasilocality (HI))- Let f,g G 5(R™), ili,il2 C K™ be disjoint domains with d dist(f2i, f22) > 
and with positive and finite Lebesgue measure. 

|||vr((A^/xoJgx^2j||(,^.,^)< sup d-^-'-- ll/xoJIi ||||Vr-"(5Xn.)lll(,,,,,) 

qS[0,s] 

for any t G {—rn, m), s G (0, m). 

Proof. By the disjoint support, pointwise almost everywhere, 

(A^/XoJ gxn2{x) = c j \x -y\^"'~*f{y)xnAy) 9{x)xn2{x) dy. 

Let T] = rj £ C°°([0, 00)), 77 = 1 on [1, 00), ry = on [0, 1], and set 

Kt,d{z) := r]{z/d) G ^^(R") n i°°(M™) n C°°(R") for any p > max{;;^, 1}. 
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It is worth noting the scaling behaviour of Kt,d in d, 



We have 

Now we know that 
and on the other hand 



|vrXMeC°°(R™), 



so together 

M'Kt,d e LP{W^) n n C°°(R"), for any p > max{;;^, 

By the scahng (B.l), we also know the exact dependence on d: 

ll|VrA'.,.||(,,,)=rf— *-"+^ll|V|"ifo||(,,,) 

Consequently, 

ll|Vr(i^,.<i*/XnJIL<||/Xf2jli- 
Then our product rule, Lemma 4.2, tells us that we essentially have to estimate 



ll|Vr((|V|Vxf2j5XnJllto,,,) 



< sup ||||Vri^M*/XoJ ||Vr-"(5XoJ|||(,^,,) 

< sup ||||VrX,.,*/xoJIL lll|Vr-"(.9XoJ|||(,,,,,) 

[0,s] 

< sup \\\S7rK,^4J\fXnA lll|Vr-"(5Xn.)|||(,,^,,) 

[O.s] 

< sup d-™-*-" ||/xa,lli lll|Vr-"(<?xnJ|||(,,,,,). 

qG [0,s] 
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C. Left-hand side estimates 

Lemma C.l (Left-hand side estimates). For a uniform constant C, and any k e [/i, 2/i), fJ. < ^ , A > 

l|w||(^,oo),B,_i < C: sup |||„|r, V-lVl^ip 

' ¥'6Co°°(B,,R") ll|V| J 

+C A--" ||«||(^,^),5„ 



+C A"-™ ^2'=('""™) \\v 

More generally, for a £ (0,/i], 



k=o 



1 



oo 
fc=0 

Proo/. Let / G C^(BA-ir, R^), || f |L l^ < 1 such that 

iiivr%ii(_^,^),^^_^_, <2| ivr%./. 

Decompose for the usual cutoff 77^/2 G 

/ = iVriv-J.f) + |Vr((l - =: |Vr.9i + |V|"g2. 

As usual, using Lemma 4.1 (for (3 — 0) as an approximate product rule, for finitely many Sk G [0,a], 

iii^i"5iii(^,i)^Eii^-livr'7iiii(^,^, ii/«-..i/iii(_^,i)< 11/11,. 
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As for for a usual decomposition unity rji G C^(i?2'r\^2'-2^) 

00 

|Vr.g2- E |Vr(r;,/„/)=: j2 ivi 

;=-2 ;=-2 

and with the help of Lemma B.3, 

ll|V|^5i||fi:i 1) ^ (2'A)'^-'"-'^+" ||f|| „ < (2'A)''-'"+"-^| 

and for A; > 1, 
Consequently, for any fc G Nq, 

iiivr52ii(z.i)^. <(2'^Ar-"+"-^ 11/11^. 

So we conclude using 

/oo 
« • ivr52 < iiHi(^,oo),B. iiivr52ii(z.,i),s. + E ii"ii(^,oo),A^ iiivr'ff2ii(^,i),^. 
fc=i 
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D. Iteration 

Lemma D.l. Let q ^ (0,1), K > 1, e > and assume 

e + q^'' + Ke-^ < ^. (D.l) 
I — q 16 

Let moreover ip, $ : (0, oo) (0, oo), and $ monotone rising. Assume that for all A £ (0, 1] 

oo 

$(2--^A) <e $(A) + £^g''' V(2'=A). (D.2) 

fc=0 

// there is G < oo so that for all A G (0, 1) 

oo 

Y.q" VX2'=A)<G. 

Then, for a// A £ (0, 1), 

$(A) < 32 A^($(l) + G). 
For a proof, we refer, e.g., to the arxiv-version of [Sclill], or [BRS12]. 

References 

[Ada75] D. R. Adams. A note on Riesz potentials. Duke Math. J., 42(4):765-778, 1975. 

[BRS12] S. Blatt, P. Reiter, and A. Schikorra. Fine analysis of critical knots - stationary points of the Mobius 
energy are smooth. Preprint, 2012. 

[Cha82] S. Chanillo. A note on commutators. Indiana Univ. Math. J., 31(1):7-16, 1982. 

[CRW76] R. R. Coifman, R. Rochberg, and G. Weiss. Factorization theorems for Hardy spaces in several variables. 
Ann. of Math. (2), 103(3):611-635, 1976. 

[DLIO] F. Da Lio. Fractional Harmonic Maps into Manifolds in odd dimension n > 1. Preprint, 
arXiv: 1012.2741, 2010. 

[DLRlla] F. Da Lio and T. Riviere. Sub-criticality of non-local Schrodinger systems with antisymmetric potentials 
and applications to half-harmonic maps. Advances in Mathematics, 227(3):1300 - 1348, 2011. 

[DLRllb] F. Da Lio and T. Riviere. Three-term commutator estimates and the regularity of 1/2-harmonic maps 
into spheres. Analysis and PDF, 4(1): 149 - 190, 2011. 

[DLS12a] F. Da Lio and A. Schikorra. n/p-harmonic maps: regularity for the sphere case. Preprint, 
arXiv:1202.1151, 2012. 

[DLS12b] F. Da Lio and A. Schikorra. n/p-harmonic maps: the manifold case, in preparation, 2012. 
[Fre73] J. Frehse. A discontinuous solution of a mildly nonlinear elliptic system. Math. Z., 134:229-230, 1973. 
[FS72] C. Fefferman and E. M. Stein. Rp spaces of several variables. Acta Math., 129(3-4): 137-193, 1972. 
[Gra08] L. Grafakos. Classical Fourier analysis (Second Ed.). Springer, Berlin, 2008. 

[Grii84] M Griiter. Conformally invariant variational integrals and the removability of isolated singularities. 
Manuscripta Math., 47:85-104, 1984. 

[Hel91] F. Helein. Regularite des applications faiblement harmoniques entre une surface et une variete rieman- 
nienne. C.R. Acad. Sci. Paris 312, Serie I, pages 591-596, 1991. 

[Hun66] R. Hunt. On L{p,q) Spaces. L'Enseignement Mathematique, Vol. 12, pages 249 - 276, 1966. 

[KP88] T. Kato and G. Ponce. Commutator estimates and the Euler and Navier-Stokes equations. Comm. 
Pure Appl. Math., 41(7):891-9G7, 1988. 



51 



[Lan72] N. S. Landkof. Foundations of modern potential theory. Springer, Berlin, 1972. 

[Riv07] T. Riviere. Conservation laws for conformally invariant variational problems. Invent. Math., 168(1):1- 
22, 2007. 

[RS08] T. Riviere and M. Struwe. Partial regularity for harmonic maps and related problems. Comm. Pure 
Appl. Math., 61(4):451-463, 2008. 

[SchlOa] A. Schikorra. A Remark on Gauge Transformations and the Moving Frame Method. 
Ann.Inst.H.Poincare, 27:503-515, 2010. 

[SchlOb] A. Schikorra. Regularity of n/2-harmonic maps into spheres. PhD-Thesis, arXiv: 1003 .0646vl , 2010. 

[Schll] A. Schikorra. Interior and Boundary- Regularity of Fractional Harmonic Maps on Domains. Preprint, 
arXiv:1103.5203, 2011. 

[Schl2] A. Schikorra. Regularity of n/2-harmonic maps into spheres. J. Differential Equations, 252:1862-1911, 
2012. 

[Sem94] S. Semmes. A primer on Hardy spaces, and some remarks on a theorem of Evans and Miiller. Com- 
mun. Partial Differ. Equations, 19(1-2): 277-319, 1994. 

[Shal2] B. Sharp. Higher integrability for solutions to a system of critical elliptic PDE. Preprint, 
arXiv:1112.1127, 2012. 

[SKM93] S. Samko, A. Kilbas, and O. Marichev. Fractional integrals and derivatives. Gordon and Breach Science 
Publishers, Yverdon, 1993. 

[STll] B. Sharp and P. Topping. Decay estimates for Riviere's equation, with applications to regularity and 
compactness. Preprint, arXiv:1102.0713, 2011. 

[Ste93] E. M. Stein. Harmonic analysis: Real-variable methods, orthogonality, and oscillatory integrals. With 
the assistance of Timothy S. Murphy, volume 43 of Princeton Mathematical Series. Princeton University 
Press, Princeton, NJ, 1993. 

[StrOS] M. Struwe. Partial regularity for biharmonic maps, revisited. Calc. Var. Partial Differential Equations, 
33(2):249-262, 2008. 

[TaoOl] T. Tao. Harmonic analysis in the phase plane. Lecture Notes, 

http: //www. math. ucla. edu/~tao/254a. 1 . Olw/. 2001. 

[Tar85] L. Tartar. Remarks on oscillations and Stokes' equation. In Macroscopic modelling of turbulent flows 
(Nice, 1984), volume 230 of Lecture Notes in Phys., pages 24-31. Springer, Berlin, 1985. 

[Tar07] L. Tartar. An introduction to Sobolev spaces and interpolation spaces, volume 3 of Lecture Notes of the 
Unione Matematica Italiana. Springer, Berlin, 2007. 

[Uhl82] K. K. Uhlenbeck. Connections with L'p bounds on curvature. Commun. Math. Phys., 83(1): 31-42, 
1982. 



52 



